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In this paper one studies the family blowup formula of the fam- 
ily Seiberg-Witten invariants [LL]. The paper is one among a series 
of papers aiming at studying the family Seiberg-Witten invariants. 
The family blowup formula has several interesting applications in 
symplectic geometry and in enumerative geometry. The applica- 
tions of the formula will be presented in the other papers. Recently, 
the author has applied the technique of the family blowup formula 
to resolve some conjecture [Liul] by Gottsche [Got] and Gottsche- 
Yau-Zaslow [YZ], [Got]. Furthermore, a proof of the Harvey- Moore 
conjecture [Liu2] is given along the line of [Liul], in which the ex- 
istence of family blowup formula has played an essential role. The 
current paper contains the material which provides the foundation 
of these applications. It is also interesting to compare the results in 
this paper with the one in [LL1] about the wall crossing formula of 
the family Seiberg-Witten invariants. 

The derivation of blowup formula has a long history in Donaldson 
theory. After being conjectured by the various experts about its 
existence, it was calculated first by R. Stern and R. Fintushal[FS2] 
the universal formula. Soon after the Seiberg-Witten theory had 
been developed in [W], the much more simplified blowup formula 
were derived by the various experts immediately. Despite of its 
simplicity, it has played a very crucial role in understanding the four- 
manifold topology. It was in the two papers[LLl],[LL2], T.J. Li and 
the author found out the link between blowup formula and certain 
discrepancy of Taubes' "SW=Gr" in the b\ = 1 category. Later 
it was D. Mcduff who modified the definition of Gromov- Taubes 
invariants in this special case and proposed a modified definition of 
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the Gromov-Taubes invariant that was believed to be identifiable to 
the Seiberg-Witten invariants. 

It was in [LL1] that the family Seiberg-Witten invariants were 
defined and studied by the current author and T.J. Li. Soon after 
our study, it was found that the family invariants shared the same 
discrepancy as the ordinary Seiberg-Witten invariant of = 1 four- 
manifold. It was proposed by the author in a discussion with T.J. Li 
to use the blowup formula in studying this phenomena. It turns out 
that the formula has some rather interesting applications in enumer- 
ative geometry, too. The details will be presented elsewhere [Liul]. 

The author wants to thank Prof. C. H. Taubes and Prof. S.T. 
Yau for their encouragement. The author also likes to thank T.J. 
Li with whom the theory of family Seiberg-Witten invariants were 
jointly developed [LL1]. 

The organization of the current paper is as following. In the first 
section, we set up the family blowup construction and set up the 
notations that will be frequently used in the following sections. In 
section El one derives the family blowup formula in the C°° category 
using the language of spin spinors and connections. The readers 
with an algebraic background can skip over the derivation in section 
EJand jump to section El 

After deriving the blowup formula, we outline a few applications 
of the blowup formula in the various sub-sections of section El In 
sub-section 12. 2\ the application to enumeration of singular curves 
with prescribed singular multiplicities [Liul] is addressed in certain 
detail. 

In section El one develops a version of algebraic Seiberg-Witten 
invariants ASW for algebraic surfaces. The definitions are sep- 
arated into cases and are discussed in different sub-sections. In 
sub-section 14 . 3 . 1 1 we discuss the relationship between AS W and the 
usual Seiberg-Witten invariants. In section El we prove the family 
blowup formula for the algebraic Seiberg-Witten invariants. Finally, 
in the subsection 15. 11 we construct the universal obstruction bundles 
for the universal families. 

As a preliminary, let us start by stating the basic facts about 
family Seiberg-Witten invariants and spin structures. 

A spin structure on a four-manifold M determines a U(2) bundle 
over M. Following the usual convention, we use its determinant 
line bundle C to parametrize the spin structures on M. Thus, 
spin structures on M can be identified non-canonically with (up to 
torsions) H 2 (M,Z). 

The Seiberg-Witten invariant on M are defined using the Seiberg- 
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Witten moduli spaces with the expected dimension formula dsw {£) = 

— 2 x(^) 3g(M) Qn ^ e moc [ u ii spaces. For h\ > 1 manifolds, 
the invariants defined are diffeomorphism invariants of the four- 
manifolds. For &2 — 1 manifolds, the invariants defined depends 
on additional chamber structures of the SW equations. 

The family Seiberg- Witten invariants are a natural generalization 
of Seiberg- Witten invariants to fiber bundles X > B of smooth four- 
manifolds. 

Given a monodromy invariant fiberwise spin c structure and a 
fiberwise homotopic class of section [B, X\ fiber-, one ma ¥ define FSW 
(see [LL1]). 

The expected dimension formula of a relative spin c structure C 

is 

^a B+ e ' (£)2 - 2 * ( *f ) - 3<T( * /B) . 

If dimnB < — 1) the family invariant defined are independent 
to the relative smooth Riemannian metrics and the choices of fam- 
ilies of relative self-dual two forms used to define the family SW 
equations. 

If dirriYiB > b\ — 1, the family invariant defined may depend on 
the additional chamber structures. 

Let us state the main theorems in this paper. The detailed dis- 
cussion on the notations will be discussed in section [TJ 

Let X i— > B be a smooth fiber bundle over a smooth oriented 
even dimensional base B of oriented four-manifolds with b% ~> 1. 
Let s : B i— > X be a smooth cross section such that the normal 
bundle N^mA? is identified with a complex rank two bundle N s . 
Through tubular neighborhood theorem it induces fiberwise almost 
complex structures in a neighborhood of s(B) C X. 

Let X' be the relative almost complex blowing up of X along 
s(B), let E denote the exceptional line bundle associated to the 
exceptional locus = Ps(N s ). 

Let C denote a relative spin structure of X \— > B and let Co 
denote the pull-back of C by s : B i— > X. In the additive notation, 
C + mE, m odd, represents the spin c structure associated with the 
tensor product C <g> E® m . 

Fix a fiberwise homotopic class of C°° sections [B, X'], it induces 
a fiberwise homotopic class of sections [B, X] through the blowing 
down map X' \— > X . The pure and mixed family invariants of C, 
C + mE are defined as in [LL1]. 
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Main Theorem 0.1 (Blowup formula for pure Family invariants) 
Let m be an odd integer, then we have the following family blowup 
formulae relating the pure invariant of £ + mE with the mixed in- 
variants of C. Suppose that m > 3 and both of the spin structures 
have non-negative family Seiberg-Witten dimensions, i.e. 

4 4 - 

then 

FSW B (l,C+mE) = ^FS^(c 1 (^o®^(N s )- 1 ®S^(N s ©Cb)) ) £). 

i>0 

If m is a negative odd integer, then 
FSW B (l,C+mE) = J2 FSW B( c i(\/£o ® ^(N S )- 1 ®S^(N*©C S )),£). 

Lei m = 1, i/ien FS^(l,£ + m£) = F,W B (1,£). 

The similar blowup formula of the mixed invariants will be stated 
and proved in the section El 

In section El we define a version of algebraic Seiberg-Witten 
invariants on algebraic surfaces M for cohomology classes C = 

Ci(£ ^ m) G H^(M, C) n H 2 (M, Z). 

Main Theorem 0.2 Let M be an algebraic surface and let C be a 
integral (1,1) cohomology class, then there exists an ASW(C) G Z 
defined in terms of the moduli space of algebraic curves dual to C . 

For p g = surfaces, the ASW(C) can be identified (up to signs) 
with the usual SW invariant of the class 2C — c\(Km) £ H 2 (M, Z) 
in the chamber deformed by large multiples of Kahler forms. 

The major distinction of algebraic Seiberg-Witten invariants from 
the usual SW on symplectic four-manifolds is that ASW are not 
of simple type, I.e. ASW(C) may be non-zero for classes with 

d GT (C) = > o. 

The construction for algebraic Seiberg-Witten invariants (based 
on Kuranishi models) can be extended to algebraic families X \— > B 
or its relative blowing up X' \— > B. Then we have the corresponding 
family blowing up formulae relating the AJ^SW of different classes, 
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Main Theorem 0.3 (Blowup Formula for Algebraic Family Seiberg- 
Witten Invariants). 

Let c be a class of algebraic cycle in B. Then the algebraic mixed 
invariants of C + mE and C are related by 

AFSW x ^ B (c,C+mE) = £ ^5W^s(cnc i (E®(S m - 2 (C B ©N s(B) A'))), C) 

i>0 

for m > 2 and 

AFSW x ^ B (c,C+mE) = £ ^5W^s(cnc i (E®(S- m - 1 (CB©N* (B) A'))), C) 

for m < — 1 . 

For m = 0, 1, we have 

AFSW x >„ B (c, C + mE)= AFSW x ^ B (c, C). 

For the assumptions imposed on X', X and the detailed assump- 
tions of theorem IU.31 please consult section and theorem 15.11 



1 The family blowing up construction 

Suppose that one is given a fiber bundle X over a compact oriented 
manifold B whose typical fibers are diffeomorphic to an oriented 
four-manifold M with > 0. Let s : B i— > X be a smooth cross 
section and a tubular neighborhood in X is denoted by Af. The 
tubular neighborhood theorem allows us to identify M with a real 
four dimensional vector (ball) bundle over s(B). One imposes the 
extra condition on the section s requiring that the real four-plane 
bundle carries complex structures and fixes one complex structure 
in our discussion. Therefore, the normal bundle is viewed as a rank 
two complex vector bundle, denoted by N s . _ 

Let Cb be the trivial complex line bundle over B and let P = 
P_b(N s © Cb) be the projectification of the bundle N s © Cb, with 
the fiber-wise orientation reversed. The trivial factor in N s © 
Cb defines a smooth section to P whose tubular neighborhood is 
diffeomorphic to N s , the total space of the bundle N s , with bundle 
orientation reversed. With the preceding convention understood, 
we can perform the fiberwise connected sum by deleting the two 
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tubular neighborhoods of X and P and gluing their complements 
via a fiber-wise orientation-reversing diffeomorphism. The new fiber 
bundle, denoted by X' s , X' s = AfJJ/P, is called the family blowing up 
of X along s. Unlike the case when B is a point, the existence of 
s is no longer a completely trivial matter. However, if the fiber 
bundle X \— > B has a fiber-wise almost complex structure, then any 
section s can be blown up topologically. Another new feature is that 
different choices of fiberwise homotopy classes of these cross sections 
may result in non-diffeomorphic fiber bundles X' s . 

When the cross section s has been fixed, we may drop the sub- 
script s in X' s and denote the resulting fiber bundle by X' . 

Remark 1.1 // the fiber bundle carries a family of fiberwise sym- 
plectic forms (parameterized by the base), then it induces a fiber- 
wise almost complex structure on the fibers and we can blow up 
any smooth cross section. Moreover, one can mimic the symplec- 
tic blowing up construction of Guillemin- Sternberg- Mcduff [Mc] to 
construct a new family of fiberwise symplectic forms on the "blown 
up" fiber bundle. Even if we have considered the family blowing ups 
in the symplectic category, nevertheless we do not require the addi- 
tional condition that the total space of the fiber bundle to be sym- 
plectic. Sometimes the additional condition is met and the family 
blowing up construction is really the blowing-up of a real codimen- 
sion four symplectic cross section in a symplectic total space. We 
definitely want to relax the condition here as some natural families 
(e.g. twistor families of K3 orT 4 " or its induced families on the uni- 
versal spaces [Liul]) simply do not satisfy this additional condition. 
However fiberwise blowing ups along the cross sections of these non- 
symplectic fiber bundles is crucial in counting holomorphic curves 
in the twistor families [Liul]. 

It is a well known fact that the cohomology of a CP 2 bundle is, 
as a module of the cohomology over the base H*(B; Z), generated 
by the various powers of "hyper-plane class". The choices of the 
hyper-plane classes are not unique. Different choice of the hyper- 
lane class give different generators of the same module. The same 
assertion applies to P as well once we flip the orientation. However 
if we view P as the projectification of N s © Cb with a reversed 
orientation, it does give us a canonical choice of exceptional class E. 
From now on let us fix this choice implicitly. Then E 2 ■ 7Tp[B] = —1 

and E 3 lies in ® 2 i=Q H*{B)E i . 
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2 The Blowup Formula and the Proof of the 
Family Blowup Formula 

Recall that the usual blowup formula of the Seiberg-Witten invari- 
ants relates the Seiberg-Witten invariant of a given Spin c struc- 
ture on M with the invariant of a corresponding Spin c structure on 
M%CP 2 . Before we give a proof of the family blowup formula, let 
us review the idea behind the proof of the original formula. The 
proof of the original formula is based on the usage of the long neck 
metrics. Suppose there is a smooth metric on M$CP 2 such that 
the metric is isometric to the product metric on the cylindrical col- 
lar S 3 x [-L, L] between M - S pi (ei) and CP 2 - B p2 (e 2 ). We let 
L go to oo and discuss the structure of the moduli spaces. As S 3 
has positive scalar curvature metrics, the spinor part of the Seiberg- 
Witten solutions tend to vanish on the long neck. This implies that 
any solution can be decomposed into one over M — B Pl (ei) and the 

other one is over CP 2 — B p2 (e). Conversely we can glue solutions on 
M — B Pl (ei) and CP 2 — B P2 (e2) back to solutions on the connected 
sum M$CP 2 . As CP 2 is negative definite, we can choose the metric 
such that the solutions on CP 2 are reducible. Namely, ip = and 
the connection is anti-self-dual. The reader can consult [FS], page 
226, theorem 8.5. where the authors considered long necks of lens 
spaces L(p 2 , 1 — p) instead of S 3 . 

The spin c structure reduces to some odd multiple of E on CP 2 . 
We denote the spin c determinant line bundle on M by £. The C 
induces a spiff determinant line bundle on MJjCP 2 , also denoted 
by the same symbol. 

If the absolute value of the multiplicity is equal to one, then 
dim(Mc) = dim(Mc±E), and SW(C) = SW(C ± E), where the 
left hand side is a Seiberg-Witten invariant of M and the right hand 
side is that of M^CP 2 . 

On the other hand if the multiplicity is bigger than one in abso- 
lute value, the glued moduli space is smooth M.c+mE — M-C but it 
is not of the expected dimension. Thus the obstruction bundle must 
be inserted in the calculation of the Seiberg-Witten invariants. 

As usual let e denote the Euler class of the S 1 bundle e over 
M.£+ m E constructed from the quotient of global U(l) gauge trans- 
formations. Let Obs m denote the obstruction bundle on M. L+mE . 

Then the Seiberg-Witten invariant SW(C + mE) is calculated by 
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the following expression 

[ e dimMc+mE / 2 U e(Obs m ) 

J Mc. 

= I e * mAl£+ -/ 2 U Ctop (Obs m ) 
JMc 

where e(Obs m ) denotes the Euler class of the vector bundle 
Obs m . 

To prove that SW(C) = SW(C + mE), it suffices to prove that 

2 

e(Obs m ) is a m g power of e. 

We sketch a proof of the following simple lemma which is well 
known to the experts. 

Lemma 2.1 Let e be the complex line bundle over Aic+mE induced 
by the principal S 1 bundle e. The obstruction bundle Obs m over 

rrP' — 1 

M-C+mE is isomorphic to the bundle e ®c C~s~ . 
Proof of lemma 12.11 

In fact the formal dimension of the moduli space M m E on CP 2 
is m . . On the other hand the expression 2\ + 3cr decreases by 
one after a single blowing up. Thus the real formal dimensions of 
the moduli spaces dimM.^ and dimAA £ +m E differ by ~ m 4 +1 . 

Because the unique solution of the spin c structure mE on CP 2 is 
reducible, the solution is fixed by the S 1 action. Thus the obstruc- 

2_-i 

tion bundle over M. m E is nothing but a m 8 dimensional complex 
vector space over a single point (the complex structure of the bundle 
is inherited from the complex spinors). Under the gluing construc- 
tion the reducible solution on CP 2 is glued to a solution on M. 
As a result, the final S 1 action on the glued based moduli space 
comes from the diagonal embedding of the S 1 actions on both sides 
of configuration spaces. Under this action, the obstruction bundle 

— 1 

is identified with e ®c C~ ~ . □ 

After reviewing the idea to derive the blowup formula, we may 
generalize it to the family invariants. Recall that in defining the 
family invariant, the tautological class e is not canonically defined. 
It depends on the choices of a homotopic classes of cross sections of 
the fiber bundles X \— > B, X' \— ► B. The choice was made implicitly 
in the definition of the family invariants. 

Given the data as in section ^ we relate the family Seiberg- 
Witten invariants of £ + mE on X$fP and C on X . As before the 
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family dimensions of the moduli spaces of these two spin c structures 

— 2 _|_ -I 

differ by ~ m 4 . Using the same type of analysis as before, we 
would like to stretch the long neck such that the metric becomes 
the product metric along the long neck. 

Lemma 2.2 The unit sphere bundle o/N s carries a fiberwise posi- 
tive scalar curvature metric. 

Proof: Given the hermitian metric on N s , it induces Euclidean met- 
rics on the fibers of N s . Then the unit spheres in the fibers are given 
the induced Riemannian metric over which SO (4) acts transitively. 
Then the unit spheres = S" 3 carries the round metric, which is well 
known to be of positive scalar curvature. □ 

Because the S 3 bundle carries fiberwise positive scalar curvature 
metric, one can mimic the previous discussion on long neck metric 
(see also [FS]) to decompose or glue the family moduli spaces. 

By using the special kind of fiberwise metric, the family moduli 
spaces for C + mE is the fiber product of the corresponding family 
moduli spaces for C over X i— > B and for Mn^Co+mE over P i— > B, 
where M.c +mE — M.mE is diffeomorphic to B under the natural 
projection map. Here the line bundle Cq over B denotes the pull- 
back of C by s : B i— ► X . Because M. m E is not of the expected family 

dimension, it carries an obstruction bundle of real rank m 4 +3 . 

If m = ±1, we may still conclude that these two family Seiberg- 
Witten invariants coincide. FSW B (C ±E) = FSW B (C). 

When m^±l, the analogue of lemma l2~T1 is 

Proposition 2.1 Let X' = X$fP be the fiberwise connected sum 

of X with P with the long neck metric. Then there is a real m 4 ~ 
dimensional obstruction bundle Obs m over M.c+mE — M-c- 

Let Aq denote the unique fiberwise anti- self -dual connections over 
P h B for the spin c line bundle TCpCo + mE with respect to the 

positive scalar curvature fiberwise metrics on P. The obstruction 
bundle Obs m over M.c+ m E can be identified with e ®c ^M^^m, 

where W m is the m ^T 1 dimensional complex vector bundle over B, 
the cokernel bundle of Da - 

The derivation of the proposition is parallel to lemma [TT1 except 

rrP" —1 

that a vector space C~ ~ should be replaced by a vector bundle of 
the same rank. 
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Proof of prop 12. 11 The line bundle TipCo are pull-back from the base 
B and it has a trivial first Chern class on the fibers. Its presence 
does not affect the dimension count. 

Given the unique reducible solution (Ao,0) on P/B of npCo + 
mE, consider the deformation complex of the family Seiberg-Witten 
equations at (Aq,0), 

d*®d+®D Ao : n P/B ev(P/B,s^ Co+mE ) — > n p/B ®nl iP/B ®r(P/B,s^ £o+mE ). 

Because P is simply connected with the positive scalar curvature 
metric, the kernel of the above deformation complex is trivial. Be- 
cause P is negative definite, Coker(d + ) = 0. Thus, the cokernel of 
the deformation complex is equal to Rg© Coker(D Ao ), where Rs 
denotes the trivial real rank one line bundle of constant functions 
on B. This direct factor can be identified with the lie algebra of the 
global S 1 gauge action which fixes (Aq,0). By index calculation, 

Coker(D Ao )cT(P/B,S; 

-Co+tue) 1S °f complex rank . 

After we graft the reducible solution on P to X', the non-reducible 
solution on X' is not fixed by the S 1 action. Thus, only the W m = 
Coker{D Ao ) factor of the obstruction bundle is grafted to an ob- 
struction bundle on M.c+ m E- 

By the same argument as in lemma ETT1 the complex line bundle e 
(which depends on the choice of a cross section B i— ► X' ) is tensored 
with 7rJ^ £ W m . 

Thus, we have 

Obs m S e <g> 7r^ £ W m , W m = Coker(D Ao ). 

□ 

Because J^i^tCo+mE — -MmE — B through the projection map, 
we can view W m as a bundle over B. The following proposition 
identifies the bundle W m in the K group. 

Proposition 2.2 Given a positive and odd m, the vector bundle 
W m can be identified with 

y/CotodetiNs)- 1 ®S^(N S © C B ), 
in the rational K group K(B) ®z Q- 

For m odd and negative, the vector bundle W m can be identified 
with 

\/£o ® detiNs)- 1 ® S"^(N: © C B ), 
in the rational K group K(B) ©z Q- 
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The proposition is the key to prove the family blowup formula. 
Proof of proposition ^. 21 It suffices to calculate the Chern character 
of W m and show that it is equal to the Chern character of the right 
hand side bundle. In the proof of the previous proposition prop. 
EH1 we know that [W m ] = [-IND(D Ao )] in K{B), the negative of 
family index of Da - 

In general the Chern character of the index bundle is calculated 
by the family index theorem [BGV]. As the calculation is purely 
topological, it does not depend on the explicit choice of the con- 
nection Aq. From now on we ignore the dependence of the family 
index virtual bundle on Aq. The Chern character ch(IND(D Ao )) is 
calculated by the following expression, 

L A P/B ch(y/c ®-E^n). 

J Jr i — >B 

The symbol Jp^b denotes the push-forward map from H'(P) to 
H\B). ' 

We notice that P = P(N S © Cb) and P have the opposite ori- 
entations. If we flip the orientation of P back to P and switch the 
positive and negative spinors as well, 

ch(-IND(D Ao )) = - J_^ b Ap /B ch(^C © -E® m ) 

= J p ^ B A P/B ch(yf£o®-H®- m ). 

In the above formula, the line bundle E has been replaced by H*, 
the tautological line bundle of the projective bundle P(N S © Cb). 
To continue the calculation, we apply the following simple lemma, 

Lemma 2.3 Let V be a complex rank n vector bundle over a smooth 
manifold B. Let us denote P(V) to be the projective space bundle 
over B formed by projectifying VhB. Then the first Chern class 
of the relative tangent bundle along the fibers, ci(Tp(v)/s) given 
by nU + 7T P(v) ci(V). 

Proof of lemma 12.31 

Recall the following well known short exact sequence of T CP n-i, 

-> C -> H © n Pn - 1 C n -> T CP ,-i -> 0. 
The relative version of the sequence on V gives 
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-> Cp (V ) -> H © 7rp (v) V -> T P(V)/B 0. 

Then 

ci(Tp( V )/s) = ci(H © 7T P(V) V) =nH + vr P ( V) ci(V). 

□ 

In our discussion, we take n = 3 and V = N s © C#. 
Having identified the relative first Chern class of P, we are ready 
to continue the calculation. Rewrite this family index push-forward 

as 

/ A P/B ch(yfH? © det(N 8 ))ch(yJc © H®(-™" 3 ) © ^(N,)- 1 ). 

The relative A-p/ B and ch(\Jn 3 © det(N s )) combine into the rela- 
tive Todd class. And the calculation is reduced to a Grothendieck- 
Riemann-Roch type calculation on the projective space bundle P i— > 

/ Todd P/B ch(^C © H®(-^" 3 ) © detCNs)- 1 ) 



= ch{IND(d + 9*)) • ch(\j Cq © det(N s ) _1 ). 



— — ^ n n — m— 3 „ n 9 — m— 3 „fl I — m— 3 

a + 9* : © © fi p ^ B © — > n°/ /B © 

If m < —3, ^ 3 G N U {0}, then the above Family Riemann- 



Roch formula can be re-interpreted as (up to tensoring with y Cq © cfet(N s ) 

the Chern character of the push- forward of H ~ along the pro- 
jective bundle P i— > B. 

Let us cite the following well known fact on projective spaces, 

Lemma 2.4 Let P(V) fre t/ie projective space formed by projectify- 
ing a complex vector space V and H denote the holomorphic hyper- 
plane bundle on P(V) with the standard d operator, then for p > 0, 
H^(P(V), LP) is naturally isomorphic to S P (V*), the pth- symmetric 
power of linear functionals on V . 



12 



We adopt the convention that S°(V) = C. 

By applying the family version of lemma the Chern character 
of W m is equivalent to the Chern character of the following bundle, 

/Co ® detiNs)- 1 ® S"^(N: © C B ). 

For m > 3 we apply relative Serre duality Notice that the 
usual surface Riemann-Roch theorem [GH] for CP 2 has the fol- 
lowing structure, 

/ i °(CP 2 ,HP)-/ i 1 (CP 2 ,H^+/ i 2 (CP 2 ,H^ = l+ (p2 + 3p) = (P + 1 )(P + 2 ) . 

It is easy to see that Serre duality H p i— > H~ p ~ 3 induces a 
symmetry on the formula. If m — 3 > 0, we replace ~"^ 3 by 
_(-rn-§_ _ 3 = (m-3)_ Notice ^ 

i/ 2 (CP 2 ,H^) = ^(CP 2 ,!^)*. 
And in this case the chern character is equivalent to that of 

tJCq ® det(N s )-! ® S~ (N s © C B ). 
This ends the proof of proposition 12.21 □ 

We are ready to prove the following the blowup formula of the 
family invariants. 

Theorem 2.1 (Blowup formula for the Pure Invariants) Let X , X' , 
N s be as defined in section^ and let £, Cq be the spin c determinant 
line bundle over X i— > B and its pull-back by s : B i— > X . 

Let m > 1 be an odd integer bigger such that the spin c structure 
C + mE has non-negative family Seiberg-Witten dimension, then 
we have the following blowup formula relating the pure invariant of 
C + mE over X' \— > B with the mixed invariants of C over X \— > B, 

FSW B (l,C+mE) = ]T FSW B (ci(y/Co © det(N s )- 1 ©S^(N s ©C B )), C). 

i>0 

Let m < — 1 be an odd integer, then we have 
FSW B (l,jC+mE) = Y / FSW B (ci^£o®det(N s )- 1 ®S^(N* s ®C B )),£). 

i>0 
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Let m = ±1, then we have 

FSW B (C + mE) = FSWb(C). 

Proof: The theorem is a consequence of proposition 12.21 

Fix a fiberwise homotopic class of fiberwise metrics and self- 
dual two forms pair on X' . Also fix a fiberwise homotopic class 
of cross sections B \— > X' . Following [LL1], one may define the 
family Seiberg-Witten invariant of C + mE in a specific chamber. 
For m = ±1, 

f dim-oB , ci (£) 2 -2x(M)-3ct(M) 

FSW B (h C±E)= / e^^+- b = FSW B (1, £). 

JMc 

For m/1, the pure invariant is equal to 



r dim-oB , c, (£) 2 -2x(-M)-3<r(Af)-m 2 + l 

FSW B (l,C+mE)= s c top (e®W 

By proposition 12. 2t we can replace W m by either 



or 

/Co ® ^(N,)" 1 ® S"^(N: © C B ) 

depending on m > 3 or m < —3. We get the blowup formula by 
expanding the top Chern class in terms of the powers of c\(e) = e. 
□ 

Similarly, by inserting an even dimensional cohomology class n G 
H*(B, Z) into the definition of the family invariant, we can get the 
similar formula relating the mixed invariants before and after the 
blowup process. 

Theorem 2.2 (Blowup formula for the Family Mixed Invariants) 
Suppose that m > 3, then it follows that 

FSW B (v,£+mE) = ^FW B (r ? Uc i (v / Z ®rfet(N s )- 1 ©S^(N s ©C B )),£). 
Suppose that m < —3, then 



FSW B (l,C+mE) = J2FSW B (c i (^£ ®det(N s )- 1 ®S^(N* s ®C B )),£)- 

i>0 
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The proof is almost identical to theorem 12.11 We omit it. □ 
The family blowup formula has a very interesting dependence 
on C through Cq, unlike the usual blowup formula of the Seiberg- 
Witten theory. Only in the special cases where the Co become triv- 
ial, e.g. we have a trivial constant cross section in the trivial product 
family, does the dependence go away. The formula also depends on 
the complex rank two normal bundle N s explicitly. The gluing tech- 
nique localizes the effect of the blowing up to the family invariant 
into a vicinity of the cross section s : B \— > X. In a sense the blowup 
formula should be viewed as a localization theorem of the Family 
Seiberg-Witten invariants. 

We will spend some time in the next subsection 12.11 to find out 
the geometric meaning of the dependence. The formula also have 
a nontrivial dependence on the odd integer m, while the original 
blowup formula has no explicit dependence in m at all. The reader 
may notice that there is a duality symmetry between m i— > — m. In 
the proof we see that the Z2 symmetry roots at the Serre duality of 
CP 2 . 

2.1 Applications to Counting Singular Curves 

In this subsection, we discuss the relation between the family blowup 
formula and the counting singular curves with prescribed multiplic- 
ities. The purpose is to link up the cohomological information of 
the family blowup formula derived in the previous section with the 
algebraic-geometric data which also appears in the discussion upon 
ideal sheaves of points. 

We would like to achieve a few goals in this subsection: 

I. Understand the algebraic structure appearing in the family blowup 
formula. Relate it with a pseudo-holomorphic or algebraic geometric 
question of counting curves with singularities of prescribed multi- 
plicities. 

II. Motivate the definition of algebraic Seiberg-Witten invariant (see 
section EJ) and an algebraic proof of family blowup formula, (see 
section EJ) 

III. In proposition 12. <^ use an example to illustrate why the SW 
simple type condition for b% > 1 symplectic four-manifolds implies 
the vanishing of all the family invariants used to count singular 
curves. Again, motivate to define algebraic Seiberg-Witten invariant 
without the simple type property. 
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IV. Give some simple example of applying family blowup formula 
to count singular curves, as a warm up to the main application in 
[Liul]. 

The blowing up construction does not require the fiber bundle 
X \— > B to carry fiber-wise almost complex structures. If it does, 
the tubular neighborhood of s : B \— > X inherits the almost complex 
structures from the ambient space. As there are abundant exam- 
ples of fiber bundles with fiberwise almost complex structures, there 
are countless examples for which the family blowup formula can be 
applied to. 

We also recall that when a four-manifold M carries an almost 
complex structure, any spin c determinant line bundle £ can be re- 
written as 2C + in the additive notation. The class C is the 
cohomology class appearing in the Gromov-Taubes theory such that 
SW(C) = Gr(C). Considers a family which carries fiber-wise almost 
complex structures, then det(N s ) is isomorphic to K-~x/b\s{B)- Then 

the expression \J Cq <8> de£(N s ) _1 is nothing but the restriction of 
y/£ ®~K*x/b to the section s : B \— > X. This is the first hint that 

the pure topological derivation of the family blowup formula may 
have something to do with the Gromov-Taubes theory. 

The dependence on N s is manifestly present at the term S - 2~~ (N s © 
Cb) = ®j< m-3 S Z (N S ). Given the complex normal bundle N s , it is 

exactly the bundle of polynomial algebra in N s of degree less than 
or equal to 

To understand the structure, let us consider a very special case 
of the family blowup formula. 

Example 2.1 Let M be a complex surface. Consider X = M x 
M I— > M to be the product fiber bundle. Instead of using the triv- 
ial constant cross section, we consider the diagonal cross section 
A : M I— > M x M. It is well known that the normal bundle of 
A(M) C M x M is isomorphic to the tangent bundle Tm itself. 
Blowing up A(M) C M x M in the complex category produces 
X' = Blowup a(m)M x M. X' i— > M is the blown up fibration 
from M x M i-> M. 

Let Ec be a complex line bundle on M with ci(E) = C G H 2 (M, Z). 
The pull-back of E^ to X = M x M induces a line bundle on the 
fiber bundle M x M i— > M. The restriction of any complex line bun- 
dle Ec to the diagonal section A : M i— > M x M, is isomorphic to 
Eic- In the example take C = E^ ® K^ 1 . As usual let E denote the 



16 



exceptional class of the blowing up. 

According to family blowup formula for m = —2p — 1 < —1, 

FSW M (l,C-(2p+l)E) = ^F^( Cl (E c ®(©o<K P -iS fc (T| f ))),/;). 

i 

The obstruction bundle whose Chern classes are inserted in the 
blowup formula is given by 

E c ®(® k < P -iS l (T* M )). 

Taking a closer look at the bundle, one realizes that it is nothing 
but the p — ljets bundle of the line bundle Ec- Take an arbitrary 
point x G M. Consider an arbitrary germ of smooth section s of 
Ec- Recall that given a connection on a smooth line bundle Eq, the 
covariant derivative defines a map 

V :T(U,E C )(E)T M ^T(U,E C ), 

for open sets U containing x. 

We consider (s(x), (Vs)(x), S 2 (VV)s(x), • • ■ , S P_1 (V • ■ • V)s(a;)), 
where S fc (V---V) denotes the symmetrized k—th order covariant 
derivative operator. When we let the point x move along the base 
manifold M , we find that the datum exactly have the right depen- 
dence as a section ofEc © (Q)i<p-iS l (T M )) . 

Now we are ready to perform the calculation. From the family 
blowup formula (see page lTH|) . the pure family invariant on the blown 
up fiber bundle is expressed as the sum three terms of mixed family 
invariants over M x M i— > M. The first term is the pure invariant. 
The second term is the mixed invariant with c\{Ec ® S P_1 (T^ © 
Cm)) inserted. The third term is the mixed family invariant with 
C2(Ec <8> S p (Tj^ © Cm)) inserted, calculated with respect to the 
spin structure £ = Eq © K^ 1 on M x M i— > M. 

Because the fiber bundle A , = MxMnM = Bisa trivial 
product bundle, it is easy to see that the first two terms always 
vanish. It is because the family moduli space of C = E'q © K. M 
over B = M will be a trivial product. It implies the vanishing of 
the pure and mixed invariants unless the base class cohomological 
insertion has a degree equal to the base dimension. Thus the pure 
invariant of the blown up fiber bundle FSWmO-, £ ~~ + l)-^) is 
equal to the product of usual SW invariant of £ (over B =a point) 
and I M c 2 (E c © SP- 1 ^ © C M )). 
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Suppose we choose p > 0, it is not hard to see that 

c 1 (£ + mE) 2 -2 X (M)-3a(M) + l , Cl (£) 2 - 2 X - 3a 
4 4 

In order that FSWm(1,£ — (2p + to be nonzero, the moduli 
space dimension of £ over B = pt, must be strictly positive. 

Suppose that M is a symplectic manifold with b 2 > 1, then 
according to Taubes' result [T2] , the manifold is of Seiberg-Witten 
simple type. That is to say that all the moduli spaces of basic 
classes (whose SW ^ 0) are of expected dimension zero (see [FM] 
for a derivation for Kahler surfaces). This observation gives us the 
following vanishing result, 

Proposition 2.3 Let m be an odd integer whose absolute value is 
bigger than one. Let £ be an arbitrary spin c structure on a Kahler 
surface with p g > (or more generally any symplectic four manifold 
with b\ > I), then the pure Seiberg-Witten invariants of £ + mE, 
FSW B (1, £ + mE) on M 2 = Blowup A (M)( M x M) ^ M vanish. 

The space M 2 is the / = 2 version of the universal space Mi (see 
[Liul]). 

Proof of the proposition: From 

FSW B (l,C-(2p+l)E)= I c 2 (E c ®S p -\T* M ®C M ))-SW(£), 

JM 

in order that FSW B (1,C - (2p + l)E) ^ 0, SW(C) must be 
non-zero. But this implies that £ is a basic class. If the surface 
has p g > 0, ci(£) 2 — 2\ — 3a = 0. This violates the bound on the 
expected dimension we get above. The argument for m > 1 case is 
almost identical to the m = —{2p + 1) < — 1 case. If M is a b^ > 1 
symplectic four-manifold, one may replace complex blowing up by 
almost complex blowing up and the same argument works, too. □ 

Let us explain the relevance of this piece of calculation with sym- 
plectic geometry. If we consider C = E^. <S> K^ 1 , then the Seiberg- 
Witten invariant of £ is equal to the enumeration of pseudo holo- 
morphic curves Poincare dual to the cohomology class C = c\(Ec)- 
When we consider the singular curves dual to C with a singularity 
of the prescribed multiplicity p, they can be resolved into smooth 
curves on the blown up manifold dual to C — pE . Or in term of 
spin c structure, 2(E - pE) + K^ 1 - E = £ - (2p + l)E. When the 
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singular point is allowed to move on the whole B = M, the calcula- 
tion of FSWmO-, £ ~ (2.P + !)-£') should be directly related to the 
counting of curves dual to C with a multiplicity p singularity in M. 
Thus the vanishing result prop. !2.3l on FSWmO-, C + mE) indicates 
that such counting of the pseudo-holomorphic singular curves always 
gives the answer when the corresponding symplectic four-manifold 
is of Seiberg-Witten simple type. 

On the other hand, if the symplectic four-manifold M is of = 
1, then it is not of non-simple type in the Taubes chamber (deter- 
mined by large deformations of its symplectic forms) and the usual 

SW invariants of C for Cl ^~ 4 2x ~ 3<7 > is calculated by the so-called 
wall crossing formula [KM], [LL2] and is ±1 for b\ = manifolds. 
Then the family blowup formula predicts that the pure invariants 
on M.2 h-> M are given by ± f M c 2 (E c ® S P_1 (T^ ©C M )), the same 
as gotten by counting of singular curves by algebraic geometers [V]. 

In the case when b~£ = 3 and the manifolds carry hyper-winding 
families of symplectic forms, one thickens the base by multiplying 
with a copy of S 2 . 

2.2 The Family Blowup Formula and the Universal Family 

One important application of the family blowup formula is in the 
long paper [Liul], concerning the enumeration of singular curves 
with nodal or other singularities. Let us give a slightly slow paced 
discussion about its relationship with family blowup formula. This 
subsection is an extension of the example 12.11 

Let M be a symplectic four manifold with a compatible almost 
complex structure J : TM > TM. We fix such an almost complex 
structure and view M as an almost complex manifold. Recall that 
the sequence of universal spaces M k , k G N and : M k+ i i— >■ 
can be constructed inductively by the recipe in [Liul] . Set M$ = pt 
and Mi = M. Then define fo : M\ > Mq to be the constant map. 
Suppose that Mi, I < k,l e N and fi_i : M/ i— > M;_i have been 
defined for all I < k such that fi are smooth pseudo-holomorphic 
submersions. We define Mj. + i and : M^ + i i— > M^ by the following 
recipe. 

Take the fiber product of M^ x M h -]_ through : M^ \— > 

M fc _i and : M k ^ M fe _i. Then f k _i : M k h-> M fc _i maps 

relatively into the diagonal of M k x^ fc _ 1 M k as an almost com- 
plex manifold. Consider the almost complex blowing up of Ajvf fc _ 1 : 
M k i— > M k x Af fe _i M k as a complex codimension two sub-manifold. 
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Define M k+ i to be the blown up manifold and it maps naturally to 
either copy of M k surjectively. 

By almost complex blowing up, we mean the following: The nor- 
mal bundle of the relative diagonal is well known to be isomor- 
phic to the relative tangent bundle of M k i— > M k _\. Because fk-i 
is pseudo-holomorphic, the relative tangent bundle T^M k /M k -ii as 
the kernel of df k _\ is stable under the almost complex structure 
of M k and becomes a complex rank two vector bundle over M k . 
Through the isomorphism, the normal bundle of the relative di- 
agonal ^A(M k )^k x M fc _i M k inherits the structure of a complex 
vector bundle. To construct the almost complex blowing up of 
A(M fc ) C M k x Mk _, M k replaces A(M k ) by P(T Mfe/Mfc _ 1 ). The 
almost complex structure outside of the blown-up locus M k Xjw fc _ 1 
M k — ^.Mk-iiMk) 1S unchanged. The almost complex structure 
on r ^M k+1 \p(T Mk/Mk ) is induced from the natural almost complex 
structure from T P(TMfe/Mfe i) and N A ( Mfc )M fc x^Mj = T Mfc/Mfc i . 

It is easy to check that the almost complex structure induced in this 
way is C°° on the whole M k +\. Moreover the natural map f k : 
M k+ i i — y M k , defined as the composition of M k+ i i— > M k Xjvf fc l M k 
and M k XM k ^ M k \— > (either copy) is a composition of pseudo- 
holomorphic maps and is therefore pseudo-holomorphic. 

Lemma 2.5 The fiber bundle f k : X k+ i — M k+ \ l— ► ^fc — -B can &e 

constructed from the product fiber bundle Xq — M x i— > fry 
A; consecutive blowing ups X{,1 < i < k. 

(i). X[ i— > Mfc = B is constructed from Xi-i \— > = B by blowing 
up a cross section M k \— > A^_i. 

Consider f k _ 1:i : M k ^ Mi,i < k - 1 to be f k _ 1:i = fa o 
/i+l • • • /jfc-i /i : Mi+i | — > Afj, £/ien can fre identified with 
the fiber product M k Mj+i o/ /fc-i^ wra£a /j, £ae pull-back of 
fa : M i+ i i Mi fry : .1//, — 

Proof of the lemma: The proof is essentially the same as the proof 
of lemma 3.1. in [Liul]. □ 

Knowing that fiber bundle X k and the original fiber bundle Xq = 
M x M k are related by k different blowing ups, the cohomology 
class C — J2i<k m iEi on X k is related to C on Xq through C — m\E^ 
C — m\E\ — m^Ei, ■ ■ ■■ To simplify the notation, we have identified 
C on Xq with its pull-back on the blown-up manifolds X{,i < k and 
denote them by the same symbol C. 
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Proposition 2.4 ForC 2 —C-ci(KM)—Y,i<k{ rn H~' m i) > 0; the pure 
family invariant on X k ^ M k , FSW Mk (l,~E 2 C-J2 r<k (2mt+i)Ei © 
K^ 1 ) is equal to 

SW(E 2C ®K M 1 ). [ c 2fc (E c ®S--H/^iA T M© C Mj©E c _ miSl ®S- 2 -H/Li,2T^ 2// « Ml ©CMj© 

' " E c-Ei< fc -i^ smfc ~ 1 (^i-fe T k// fc *_ 1 M fc _ 1 © c mJ)- 

Proof of the proposition: By using family blowup formula consecu- 
tively, one may relate the pure family invariant FSWM k (l, E 2 (7_]r <fc (2m l +i)£ i © 

K^ 1 ) on X k i— > Mfc to a combination of the mixed family invariants 
FSW Mk (v, E 2 c © K^ 1 ) over M x M fc h-> M k , V G #*(M fe , Z). Be- 
cause the map fk-i,i factors through fi, then can be viewed as 
the pull-back of M i+1 x Mi M i+1 by f k -i,i+i ■ M k i-> M i+1 . 

Thus, the relative diagonal of Mj+i pulls back to a cross 

section Sj of i— > Mfc. On the other hand, pull-back by i— > Mj+i 
of the blowing up of the A^Mi + i C Mj+i Mj+i is nothing but 
Ai+i. Thus, Xi+i can be thought as constructed from X{ by the pull- 
back of the relative diagonal section Ajy^A/fi+i C Mj+i x^ ^fj+i- 

Therefore, one may identify the complex rank two normal bundle 
N Sl (M fc )<*i to be f k - lji+1 T Mi+1 /f*M t - 

The class 77 should be a combination of cup products of various 
Chern classes of the bundles ^c-^., m i Ej®S mi ~ 1 (fk-i,i T M i /frM i - 1 ® 

By using the product rule of the total Chern classes under bundle 
addition, rj can be identified with 

c total(®i<k E C-'£.<._ 1 mjE j © Sm *~ 1 (/fc-l,i T M i // 1 ? , Mi_i © C M fc ))- 

However, because Xq — M x i— > = _B is a product fiber 
bundle, only the grade 4k component of rj contributes to the mixed 
invariant. The pure family invariant is equal to 

= J Mk C 2k (® t < k E c _ Ei<i _ imjE ^S^ 
This ends the proof of the proposition. □ 
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Remark 2.1 One may calculate the integral of the 2k — th Chern 
class C2k over by pushing forward along f\ : Mj+i i— > M{ consec- 
utively. By using the blowup formula of the Chern classes of tangent 
bundles, the final answer depends on C = ci(Ec), ci(Tjv^), c 2 (Tm) 
and all the multiplicities mi, m2, • • • , m&. It has to be a universal 
(manifold independent) polynomial ofC 2 [M], C-ci(M)[M], c\(M)[M], c 2 (M)[M], 
P mi ,m 2 ,-,m k (C 2 [M],C ■ c 1 (M)[M],cl(M)[M},c 2 (M)[M}). 



2.3 The Existence of Pseudo-Holomorphic Singular Curves 
with Prescribed Singular Multiplicities 

Given a symplectic four manifold M and a cohomology class C 
whose Gromov moduli space has non-negative dimension. If FSW = 
FGT is known to hold for those general families, then the number of 
pseudo-holomorphic curves singular (with restriction on the orders 
of the singularities) at a finite number of points are symplectic in- 
variants and the invariants are determined by the Gromov invariants 
of the class and the Chern classes information of the tangent bun- 
dles, etc. If M is a symplectic four manifold with b£ > 1, Taubes 
[T1,T2, T3] proves that M has simple type. It means that once 
the moduli space dimension is positive, its invariant vanishes. On 
the other hand the dimension of the moduli spaces of singular curves 
are strictly smaller than that of the original moduli spaces. Hence it 
reasonable to speculate that the singular curves invariants actually 
all vanish. 

At first the speculation may look incompatible with the intuition 
we have. On every algebraic surface X we are able to count e.g. 
nodal curves on X. The enumerative problem is well known in alge- 
braic geometry. It does gives nontrivial answers in general. However 
our theorem tells us that the counting problem in algebraic geomet- 
ric way does not give us the symplectic invariants when b 2 > 1- Only 
when b~2 = 1, the algebraic calculation and the symplectic calcula- 
tion coincide completely. On the other hand, it does not mean that 
the symplectic counting problem does not make sense for b^ > 1 
symplectic four manifolds. If fact, if we can construct some family 
of symplectic four manifolds which become non-simple type, then we 
can still make sense of the symplectic singular curves counting and 
get a nonzero answer. A good example is K3. As K3 is of b 2 = 3, 
it falls into the category discussed in the corollary. If we count the 
singular invariants in the usual way, we always get zero. As K3 has 
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hyperkahler structures, a generic K3 has no integral (1,1) class, not 
mentioning any effective holomorphic curves. However we can still 
consider the S^-family and the corresponding family invariants. In 
the final section, we make a systematic study upon the algebraic 
family Seiberg-Witten "invariants" . It will be indicated that the al- 
gebraic "invariants" and the smooth invariants coincide only when 
fej = 1. Otherwise the algebraic "invariants" correspond to a "local" 
p g dimensional smooth family invariant. The existence of the local 
family invariants was previously speculated independently by T.J. 
Li and the author. This also gives a philosophical explanation why 
the algebraic geometers can count the curves when the symplectic 
geometers claim the triviality of the invariants. 

From the previous discussion we learn that in the Taubes' cham- 
ber, the invariants are all ±1 if C 2 > —2. Using the previous formula 
we learn that if we count the singular curves in the S 2 family, we get 
nontrivial results. To demonstrate the power of the blowup formula, 
let us discuss some other explicit examples. 

Let us discuss another interesting applications of the family blowup 
formulas to the special families considered previously. Let M be a 
symplectic four-manifold with = 1. Take B to be the k— th 
universal space (see [Liul]). Take Xq = M x \— > = B and 

= Mfc_|_i i — y Mk which can be constructed from Xq by k consec- 
utive blowing ups of cross sections. Given a class C £ if 2 (M, Z), 
it determines a smooth line bundle E<7 on M. Consider the spin c 
determinant line bundle 2E 2 — J2i<k(^ m i + ^)Ei — (in additive 
notation). 

Suppose one chooses the class rj = e i? top (M^, Z) and con- 
siders the corresponding blowup formula of mixed family invariants 
expressing FSWM k (v, 2E^. — Zi<fc(2mi + l)E{ — Km) in terms of 
the mixed invariants from M x \— > M^. 

One concludes the following interesting corollary, 

Corollary 2.1 Let M be a symplectic four-manifold with — 1. 
Let C be a cohomology class E H 2 (M,Z) whose Gromov-Taubes 
invariant Gr(C) is nonzero (see [Tl], [T2]). Given any tuple of 

positive integers \ < i < k with C ~ c '^( Km ) _ Z^( m ^ m > q 
and k distinct points on M , then there exists a pseudo-holomorphic 
curve Poincare dual to C passing through these k distinct points of 
M with multiplicities at the i — th point not less than rrii. 

Proof: Continue the discussion before the statement of the corollary. 
As i] has exhausted the dimension of the base the extra Chern 
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classes of the obstruction bundle will not be able to contribute to 
the invariants. 

Thus, we conclude FSW B (r), 2E^ - Ei<k(^m + 1)E { - K M ) is 
equal to FSW B (r), 2E C - K M ) on M x M k i-> M k . On the other 
hand, the particular mixed invariant of M x M k i— > is nothing 
but the usual SW(2E(7 — ), which according to Taubes theorem 
'SW=Gr', is equal to Gr{C). 

Thus one concludes that FSW B (r), 2E 2 -Ei<fc(2m i + l) J B i -K M ) 
is always nonzero if 

(1) . The family Seiberg-Witten dimension of 2E^< — Y,i<k(^ m i + 

l)Ei—K.M is non-negative, which is reduced to the condition 

E,:( m ?~ m > Q 

(2) . The ordinary Seiberg-Witten invariant of the class 2Ec — 
K.M in Taubes' chamber = Gr(C) is nonzero. 

For any k distinct points pi,P2, • • • , Vk m M, it determines a point 
in the top (open) stratum of M k . 

As the particular choice of rj = [M k \ is poincare dual to the zero 
cycle on Mj,, the family invariant FSWM k ([Mk], 2E^. — Y.i<k(^ m i + 
l)Ei— Km) can be re-interpreted as the a counting of Seiberg-Witten 
solutions on the fiber above the point e M^. The fiber above the 
given point in M k is a symplectic blowing up M of M at these k 
distinct points. Then the family blowup formula asserts that if we 
deform the family Seiberg-Witten equations by a large deformation 
of a given family of symplectic forms, there is always some solutions 
of the Seiberg-Witten equations above the given point in Mj~. Oth- 
erwise, the invariant count is zero for an empty moduli space. In 
particular, the same conclusion still holds if one takes the r i— > oo 
limit in the family Seiberg-Witten equations. 

On the other hand, by Taubes' analysis the solution of Seiberg- 
Witten equation of large symplectic form perturbation will con- 
verges (in the r ^ oo limit) to a (1,1) current which can be regu- 
larized to be a pseudo-holomorphic curve dual to C — J2 m iEi- The 
readers can consult [Tl, T2, T3] for details. 

Finally, a pseudo-holomorphic curve dual to C — miEi in the 
blown up manifold M gives rise to a pseudo-holomorphic curve dual 
to C in M. The curve has to develop a multiplicity rrn singularity at 
Pi,i < k as the intersection number of its 'proper transformation" 
in M has intersection multiplicity mi with the exceptional curve E{ 
above pi. □ 

The corollary tells us that one can construct a singular divi- 
sor(curve) on M with prescribed singular multiplicities and singular 
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points. Notice that the same type of conclusion was known for alge- 
braic surfaces and the proof relies on the sheaf sequences for the ideal 
sheaves and the vanishing result for the higher sheaf cohomologies. 

Let M be an algebraic surface with p g = 0, q(M) = and let I z 
be the ideal sheaf of Z = J2i<k m iPiiPi £ M, mi G N, then one has 
the following sheaf short exact sequence 

i-> l z i-> O m >-> O z >-> 0. 
For a locally free £ with ci(£ = C, 

0^1 z ®£^£^O z ®£^0 
induces the long exact sequence 

i-> H°(M,1 Z ®£) h-> H°(M,£) i — ► £> z ®£) i-> E X {M,X Z ®£) 

If £ is sufficiently very ample to imply the vanishing of /i 1 (M, Z^® 
£), the long exact sequence truncates to a short exact sequence. A 
curve in the linear system P(if°(M, £)) has the prescribed singu- 
lar multiplicities on pj, i < k if and only if the restriction of the 
corresponding defining section to the non-reduced Z vanishes. 

Given that h°(Z, O z ®£) = £i m ^~ l ) an d h°(M, £) > X (M, £) = 

1+ C 2 - Ci (^m)-C ( assuming h 2 (M,£) = 0), h°(M,X z ®£) > x{M,£)- 

mi-mi -i -r C 2 -c\(K M )-C ^ m,(m,-l) ^ n 
Z^i<fe 2 — 1 11 2 ^* 2 — U ' 

By applying the family blowup formula and Taubes' technique in 
symplectic geometry, corollary 12.11 can be viewed as the symplectic 
version of the theorem in = 1 category. As the corresponding 
technique in algebraic geometry has play an essential role in the 
study of linear system, one believes that the present symplectic ver- 
sion should also plays a similar role. The parallelism between the 
symplectic and the algebraic argument also suggests that the family 
blowup formula should have its algebraic geometric origin. This also 
motivates the definition of algebraic SW invariant in section El and 
the algebraic proof of family blowup formula in section 

Example 2.2 Let M be CP . Let the cohomology class C de- 
note dH, d > 1 . Then the expected dimension of SW ( or Gromov- 

Taubes) moduli spaces of (2d + 3)H (dH) are of d ^ 3rf dimension. 
Let us consider the following enumeration problem. We are inter- 
ested in counting the curves which have one nodal(ordinary dou- 
ble)point in CP 2 . It is well known that a nodal condition decreases 
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the moduli spaces by real two dimension. Therefore the nodal moduli 
spaces (which consist of nodal curves or their compactifications) are 
real d 2 + 3d - 2 dimensional. As d 2 + 3d - 2 = (d + l)(d + 2) - 4 
is always even, we can consider (d + l)(d + 2)/2 — 2 generic points 
on CP 2 and require the nodal curves to pass through these generic 
points. After imposing these point passing conditions, generically 
(with respect to the almost complex structures and the points) there 
are finite number of nodal curves passing through these points. 

To calculate the number, we notice that by the family blowup 
formula we find the answer to be Jcp 2 c 2(H d <g> (T^, p2 © Cqp 2 )) • 
SW{H 2d+3 ). As we know that SW{H 2d+3 ) = 1 by the wall crossing 
formula, we conclude that the invariants are calculated by C2(H d (g) 
(T^ p2 ©Ccp2))[CP 2 ]. After some simple calculation one gets 3(d— 
l) 2 . This answer is well known to algebraic geometers and is a very 
special case of Severi degrees. 

Next let us discuss another simple but interesting example. 

Example 2.3 Let M be a minimal symplectic four manifold with 
b\ = 3. Suppose that there exists an S 2 family of symplectic forms 
to x ,x E S 2 on M such that the projection to H 2 _(M,H) — {0} = 
S* 2 x R* is of mapping degree 1 . The family of symplectic forms is 
called a hyper-twisting family of symplectic forms on M. 

Such manifolds must have ci(M) = 0. K3 and T 4 are the only 
known examples in the Kahler category which have hyperwinding 
families of symplectic forms. These S 2 families of forms can be 
constructed from hyperkahler families of Kahler forms. 

Let us consider the S 2 hyperwinding family of symplectic forms 
of M. Consider a primitive cohomology class C G H (M, Z) with 
square zero. There are an infinite number of these classes on such 
M. Firstly, consider the fiber bundle M x S* 2 i— > S 2 with a hyper- 
winding family of symplectic forms on the fibers. The family wall 
crossing formula implies that the family invariant FSW^l, 2C) 
over M x S* 2 i— > S 2 is equal to ±1 in the first winding chamber 
[LL1J. 

Consider an S 2 family of almost complex structures compatible 
with an S 2 family of fiberwise Riemannian metrics. Consider the 
blown up fiber bundle X' = S 2 x M 2 i-> S 2 x Mi = B using the S 
family of almost complex structures. It is easy to see that one can 
use the symplectic blowup construction to construct an S 2 family 
of symplectic forms on S 2 x M2 1— > S 2 x M\ = B. By a similar 
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calculation as in example \2. 11 the family invariant -FSW^l, 2C — 
evaluated in the winding chamber, is equal to 

c 2 (E c ®{T*M®C M ))[M)-FSWs*{l,2C) = ±c 2 (E c ®(T*M©C M )) 

= c 2 (M)[M]= X (M). 

We have usedC 2 = 0, ci(T*M©C M ) = and FSW S 2(1,2C) = ±1 
in the winding chamber over S 2 x M i— ► S 2 = B . 

On the other hand, the Riemann-Roch formula for almost com- 
plex manifolds implies that on M we have 

2 h(M) = l-& 1 (M)+&+(M) = = JjM±C2) = X (M) 

2 2 1 ' 24 24 

Thus we find that the family invariant FSWg^l, 2C — 5E) over 
S 2 x M 2 ^ S 2 x M is ±24 for b x [M) = manifold M. 

The answer 24 does not come out accidentally. If we consider a 
generic elliptic K3 surface elliptic fibered over CP 1 , then it is well 
known there are 24 singular nodal fibers. 

The tool of the family blowup formula implies that on a simply 
connected hyperwinding family of symplectic four-manifold M, one 
can recover the number of single node nodal rational curves within 
the S 2 family as the family invariant FSWg2 X M 1 (1, E2C-3E), an d 
is identical to the number of singular nodal fibers of an elliptic K3 
surface. 

This above picture supports the following conjecture, 

Conjecture 2.1 Let M be a simply connected symplectic four-manifold 
with an S 2 family of hyper-winding symplectic forms, then M is dif- 
feomorphic to the underlying smooth manifold of the K3 surface 
and the hyperwinding family of symplectic forms is homotopic to 
the S 2 families of hyperkahler structures of the K3 surfaces through 
S 2 families of symplectic forms. 

One can formulate a similar conjecture for T 4 or other primary 
Kodaira surfaces (with b\ = 2). The uniqueness of the S 2 or S 1 
families up to homotopies plays a crucial role in understanding the 
symplectic structures of these c\ = symplectic four-manifolds. 
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3 The Definition of Algebraic Seiberg-Witten 
Invariants 



In this section we discuss the definition of algebraic Seiberg-Witten 
invariant on algebraic surfaces. The proof of main theorem 10.21 oc- 
cupies the whole section. Because of the algebraic nature of the 
discussion, we will make use of algebraic (holomorphic) vector bun- 
dles and locally free sheaves frequently. We adopt the convention 
that if we use the bold character to denote an algebraic vector bun- 
dle, e.g. E, the calligraphic character, £ , will denote the locally free 
sheaf of sections of E and vice versa. 

Given an algebraic surface M, there are two important holomor- 
phic invariants associated with M, q(M), the irregularity of M and 
p g , the geometric genus of M. They are related to the homological 
invariant &i(M),6^(M) by the relationship 

b 1 (M) = q(M),b%(M) = l + 2p g . 

Both of the invariants are essential in defining the algebraic ver- 
sion of (family) Seiberg-Witten invariants. Let us discuss briefly 
before the formal mathematical treatment. If the geometric genus 
of the surface is 0, then the algebraic family invariant coincides with 
the topological family Seiberg-Witten invariant defined in [LL1]. On 
the other hand, the algebraic Seiberg-Witten invariant differ from 
the usual topological Seiberg-Witten invariant in that it 'formally' 
corresponds to topological family Seiberg-Witten invariant of a germ 
of a high dimensional family. 

Given an algebraic surface M, the set of spin c structures on the 
underlying smooth four-manifold of M is isomorphic (up to torsions) 
to H 2 (M, Z), which is isomorphic to the set of isomorphism classes of 
C°° line bundles on M. Thus, the algebraic Seiberg-Witten invariant 
of M can be viewed as a map 

ASW : H*(M,Z) ^ Z. 

For generic classes, the formal base dimensions are p g . But for 
some non- generic classes (defined slightly later), the formal base 
dimensions of the infinitesimal germs are in-between and p g . 

Let M be an algebraic surface with p g = 0, then algebraic and 
topological Seiberg-Witten invariants coincide. If q(M) = 0, then a 
C°° topological line bundle can be given a unique holomorphic struc- 
ture. On the other hand, the holomorphic structures of a fixed C°° 
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line bundle on a q(M) > surface have non-trivial moduli and the 
algebraic Seiberg-Witten invariant counts holomorphic curves from 
all the different holomorphic structures of a fixed topological line 
bundle. If one would like to enumerate the holomorphic curves from 
a particular holomorphic structure of the C°° line bundle, additional 
cohomo logical insertion has to be made on the family invariant. 

Remark 3.1 The readers with an algebraic geometric background 
may notice that the enumeration of holomorphic curves from the 
zero sections of different holomorphic structures of a fixed C°° line 
bundle corresponds to curve counting in a non-linear system, while 
enumerations of curves from a fixed holomorphic structure corre- 
sponds to curve counting in a linear system. 

There have been different versions of Symplectic or Algebraic 
Gromov type invariants aiming at curve enumerations ([Be], [LiTl], 
[LiT2], [R], [RT1], [RT2], [S], [T3]). It may be desirable to clarify 
the difference of ASW from the usual Gromov- Witten invariants. 

To summarize, 

I. the algebraic (family) Seiberg-Witten invariant is an algebraic 
device used to enumerate curves as the divisors on a given algebraic 
surface than holomorphic maps from domain curves to the target 
M. 

II. Because usual Seiberg-Witten theory has compact moduli 
spaces, the algebraic (family) Seiberg-Witten invariants are defined 
using compact moduli spaces as well. 

III. As its definition does not involve the domain curves, the 
(compactification of) Deligne-Mumford moduli spaces M. g , n do not 
come into our picture. Thus, the algebraic Seiberg-Witten invariants 
do not have nice combinatorial structures from the domain curves 
as the usual Gromov- Witten invariants do. 

IV. On the other hand, the algebraic Seiberg-Witten invariants 
are related to Surface Riemann-Roch formula closely. It can be seen 
directly from the dimension formula of ASW (see the discussion in 
the following section). 

V. Unlike the usual Seiberg-Witten invariants (usually defined by 
perturbation argument using C°° topology), the AS W are defined 
as the intersection numbers of various Chern classes on a neigh- 
borhood of the algebraic Seiberg-Witten moduli spaces based on 
the construction of algebraic Kuranishi models. Unless the reduced 
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algebraic Seiberg-Witten moduli space (cut off by a finite number 
of codimension one cycles, determined by its formal dimension for- 
mula) happens to be of zero dimensional, the invariant usually does 
not correspond to actual counting of the number of curves dual to a 
class C. Thus, one should view ASW as a formal enumeration (in 
the sense of intersection theory). 

VI. In most of the cases, the data of algebraic Kuranishi models 
involves algebraic vector bundles and algebraic bundle maps be- 
tween these vector bundles. In some minor cases (discussed later), 
it involves algebraic vector bundles and non-algebraic bundle maps 
between them. We still call the corresponding defined invariant 
"algebraic" as the algebraic Seiberg-Witten moduli space itself and 
the Chern classes of the algebraic vector bundles involved in defin- 
ing ASW are algebraic objects. VII. Finally, by its definition the 

ASW is "NOT" an invariant in the traditional sense. Namely, it is 
not transparent that it is independent of the complex structure of 
M. But we still call it an "invariant" because 

(i) . it is independent to the choices of the algebraic Kuranishi 
models chosen to define the invariant. 

(ii) . In many situations, it is related to the topological Seiberg- 
Witten invariant. 

(iii) . As will be proved in sectional it shares the same functorial 
properties under blowing ups as the usual (family) Seiberg-Witten 
invariants. 

(iv) . After explicit calculation (e.g. by wall crossing formula, 
etc), usually one can compute ASW explicitly and find it to be 
independent of the analytic information (like the complex structure) 
ofM. 



4 The Definition of Algebraic Seiberg-Witten 
Invariant for Algebraic Surfaces with zero Ge- 
ometric Genera 

Recall that the original Seiberg-Witten invariant SW is defined for 
all spin structures on a given smooth four-manifold with 6^ > 1 
(with dependence on chamber structures when b\ = 1- On the other 
hand, the usage of spin structure is not particularly convenient for 
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our discussion of algebraic Seiberg-Witten invariants. Therefore, 
we will adopt a slightly different notation in the holomorphic or 
algebraic category. 

To begin our discussion, we start by recalling (see e.g [FM]) how 
is the Seiberg-Witten invariant defined in terms of the holomorphic 
data. 

Let (M,um) be a Kahler surface and let ujm be the Kahler form. 
Then ujm splits the spirf spinor vector bundle into 

Si = E © E ® K^ 1 . 

Following the usual convention, one can denote a G T(E) and 
(3 G r(E (g) K^ 1 ) the smooth sections of the C°° line bundles and 
the corresponding Dirac equation and Seiberg-Witten equation are 
reduced to scalar valued equation and read as 

d a d + da 13 = 0, 
F a °' 2 = Wa =p.a, 

^ii M 2 -l/?l 2 -i 2 

Fy a ujm = t— — y — Um - 

A standard argument implies that a = or j3 = identically 
(which depends on whether ci(E) • ujm > or ci(E) ■ ujm < 0. If 
ci(E) ■ CUM > 0, the smooth section (3 is identically zero and 

^:T(E) ^r(E®^M°' 1 ) 

2 

satisfies 9 a = and thus defines a holomorphic structure on 
the C°° line bundle E. The Dirac equation d a a + d a (3 = is then 
reduced to the d-bar equation 

d a a = 

and a is a non-zero holomorphic section of the holomorphic structure 
induced on the line bundle E. The (1, l)-projection of the Kahler- 
Seiberg-Witten equation can be reduced to the Kazdan- Warner equa- 
tion on M. 

Definition 4.1 Given a cohomology class C G H 2 (M, Z), the Gromov- 
Taubes dimension of the class is defined to be 

dGT(c) = CC-^K U ).C_ 
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The formula is nothing but the dimension formula of Seiberg- 
Witten invariant, formulated in terms of C instead of £ = 2C — 
c\{Km) (in additive notation). It was first discovered by C. Taubes 
[T]. 

4.1 The p g = and q(M) = Case 

In the following, we discuss the algebraic Seiberg-Witten invariant in 
the easiest case. Later we will extend our discussion to the q(M) > 
case and then to the p g > case as well. 

Let us fix a ci(E) = C E H 2 (M, Z) and define the algebraic 
Seiberg-Witten invariant of C on the algebraic surface M. Because 
h 2 ' = p g = 0, the class C is automatically a (1, 1) class. 

Because our major interest is to study the holomorphic curves 
poincare dual to C, we require C ■ ujm > 0. Otherwise, C cannot be 
represented by holomorphic curves and we simply define ASW(C) = 
0. The major tool for the definition of the algebraic Seiberg-Witten 
invariant is the existence of the algebraic Kuranishi model, defined 
in definition 14. 21 and definition 14.41 etc, 

If q(M) = 0, there exists a unique holomorphic structure on any 
given C°° line bundle E. By abusing the notation, we use the same 
symbol E to denote the holomorphic line bundle and the underlying 
C°° line bundle. 

We start by defining ASW(C) = ASW pt {l,C) in this special 
case. Heuristically speaking, the number ASW(C) should enumer- 
ate the number of holomorphic curves dual to C — ci(E), passing 

through the (Iqt{C) = — — Q^kiKMl number of generic points on M. 

Let Dq be an effective Weil divisor defined by the zero locus of 
a non-zero holomorphic section of E. Then one has the following 
short exact sheaves sequence, 

h+ M h+ O m (D c ) ^ Dc {D G ) ^ 0. 
We have the following vanishing lemma for h 2 (M, E). 

Lemma 4.1 Let M be an algebraic surface with p g (M) = q(M) = 
0. Suppose that h^(M, E) > ; then /i|(M, E) = 0. 

Proof: Suppose that h°(M,E) > 0, there is a non-zero holomor- 
phic section of the holomorphic line bundle E. Pick one non-trivial 
section and denote the corresponding zero locus by Dq- 
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Then it is well known by spectral sequence argument that the 
sheaf cohomology group H 1 (M,Om(Dc)) is isomorphic to d-bar 
cohomology group H^(M, E). 

To argue the vanishing of H-^(M, E), it suffices to show that 

H 2 (M,O M (D c )) = 0. 

Let us take the right derived long exact sequence of the above 
short exact sequence and consider the last three terms, 



H 2 (M, O m ) - H 2 (M, M (D C )) - H 2 (D C , Dc (D c )) » 0. 

One observes that the first term and the third term are both 
trivial. The H 2 (Dc,Od c (Dc)) is trivial because Dq is complex 
one dimensional. On the other hand, dimcH 2 (M, Om) = Pg(M) is 
assumed to be zero, then the middle term H 2 (M,Om(Dq)) must 
be trivial. □ 

Knowing the triviality of the second d — bar cohomology, we have 
the following dimension count 



/i|(M, E) - ^(M, E) = h°(M, Om(D c )) - h\M, O m (D c )) 

in rn n D ° ' Dc ~ Km \ D ° ■ i C ■ C - Cl (K M ) ■ C i 
= x{O m {D c )) = + 1 = +1. 

We have abused the notation • a bit. The pairing Dq-Dc denotes 
the intersection pairing on divisors, while the pairing C ■ C means 
the cohomology pairing on H 2 (M, Z). 

If h\M, Om(D c )) = 0, then h°(M, 0{D C )) = c2 -<*<f"> c + 1 
and the complete linear system \Dq\ is a projective space of the 
expected Gromov-Taubes dimension n 2 — . The counting in- 
dicates that when h}{M, Om(Dc)) 7^ 0, the vector space dimension 
h°(M, Om{D(j)) may be different from the "expected dimension" 
C 2 - Cl (K M yc + x and ^i (M> 0m(jDc)) ^ H\D C , Dc (D c )) repre- 
sents the obstruction space. 

We define the algebraic moduli space of curves dual to C to be 
the projective space formed by the vector space H°(M, Om(Dc)) — 
H±{M, E), which is of h°(M, O m {D c )) ~ 1 dimension. 

We adopt the following formulation which will be extended to 
p g > or q(M) > cases. As the algebraic family moduli space is 
not of the expected dimension, an insertion of the top Chern class 
of the obstruction bundle is necessary. 
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Definition 4.2 Consider the triple (V, W, &vw) w ^h V, W be finite 
dimensional vector spaces and let &vw be a linear map from V to 
W, 

$vw ■ V — > W. 

It is said to be an algebraic Kuranishi model of the class C over M 
ifKer($ vw ) H°(M, O m {D c )) andCokernel($ vw ) = H\M, O m (D c )). 

Given an algebraic Kuranishi model of C, one defines the alge- 
braic family Seiberg-Witten invariant by the following recipe. 

Consider the projective space it-pry) '■ P(^) l— ¥ Pt an d the cor- 
responding tautological line bundle H*, the dual of hyperplane line 
bundle. The vector space morphism $vw induces a bundle map 
H* !— > 7Tp(v)^ an d therefore a canonical section of the obstruction 
bundle H <g> c n p(v) W - 

The algebraic cycle of the moduli space of curves poincare dual 
to C is represented by the top Chern class ct op (H <g>c Trp(y)W)- 
Requiring the curve to pass through a generic point imposes an 
additional ci(H) insertion. 

One defines ASW(C) to be 

Definition 4.3 

ASW(C) = J cf mcV ~ dimcW -\Yl)c top {Yl ® c W). 

Remark 4.1 It is easy to see that the definition of ASW p t is in- 
dependent of the choices of (V, W, $yw) an d ^ equal to 1, which 
is up to a sign equal to the wall crossing number [KM] of a = 
1, b\{M) = four-manifold. 

In the following, we extend the definition of algebraic Seiberg-Witten 
invariants to q(M) ^ case. 

4.2 The Definition of ASW for q(M) ^ 0,p g = Algebraic 
Surfaces 

Let M be an p g = algebraic surface with q(M) ^ and let C be 
an element in H 2 (M,Z). As H 2 >°(M, C) = H°> 2 (M,C) = 0, C is 
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automatically a (1,1) class, which becomes the first Chern class of 
a holomorphic line bundle E. However, the holomorphic structures 
on E are not unique and form a continuous moduli known to be 
Pic°(M), the connected component of the Picard group Pic(M) 
containing identity. 

Consider the Hodge decomposition 

H\M, R) ® R C = H 1,0 (M, C) © H 0,1 (M, C), 
which induces an real vector space isomorphism 

i : H\M, R) ^ H Q,1 (M, C) = H\M, O m ). 
The following is well known to algebraic geometers, 



Proposition 4.1 Let M be a Kahler surface with q(M) ^ 0, then 
the connected component of the Picard variety Pic(M) containing 
identity, Pic°(M), can be identified as a complex variety to be the 
following complex torus 



T(M) = H l (M, M )/i(H 1 (M, Z)) = H 0,1 (M, C)/i(H 1 (M, Z)). 

For a discussion on Pic°(M) = T(M), please consult [BPV], 
page 36, section 13. Given a C°° topological line bundle, there is 

a universal holomorphic line bundle E over M x T(M) such that 
the restriction, E\ Mx { t y, t e T(M), is the holomorphic line bundle 
over M, ci(E\m x u\) = C, with the specific holomorphic structure 
parametrized by t G T(M). One way to construct this is to consider 
the Poincare line bundle over M x T(M) and tensor it with any 
holomorphic line bundle over M with first Chern class = C . 

Let us consider a class C e H 2 (M : Z) which satisfies (i).C ■ C — 
Cl (K M )-C> 0, (ii). C-oo M >0. 

Then the surface Riemann-Roch formula for E, c\(E) = C, gives 

X(E) = ^(E)- C1 (E)-e l(AM ). cl (E) + , _ ^ + ^ 

= C - C ~ c ^- C _ q{M ) + 1 = d GT (C) - g(M) + 1, 

which differs from the Gromov-Taubes dimension formula by 1 — 
q(M). Consider the projection it : MxT(M) i— > T(M) and push for- 
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ward the sheaf of holomorphic sections of E, E , along M x T(M) h- > 
T(M). 

There are three right derived image sheaves lZ l ir*(£), < i < 2, 
to consider. 

Case 1. (ci(i^M) — C)-um < 0. For most of the classes C with high 
enough degree (energy) C-ujm 0, the pairing c\{Km)-^m — C-ujm 
is negative. 

Under this additional assumption on C, it follows from relative 
Serre duality that the sheaf 7?. 2 7r*(£) over T(M) vanishes. Other- 
wise Km <S> E* has non-zero sections, which implies that the degree 
(energy) c\{K M ® E*) • u M = ci(K M ) ■ u M - C ■ u M > 0. 

The sheaves 1Z°ir*(£) and TV-tt^E) may not be locally free. When 
t £ T(M) moves, the dimension of if°(M, Ejjvfxt) m ay vary and can 
even be zero at the generic points of T(M). 

Given an effective divisor Dc, which is the zero locus of some 
holomorphic section of E^xt,* £ T{M), the short exact sequence 

^ O m >-> M {D C ) >-> Dc (D c ) >-> 
has a corresponding long exact sequence for p ff = surfaces, 

_> C ^ #°(M, M (£>c)) - H Q (D c ,0 Dc (D c )) » H\M, O m ) 

» H\M, Om(D c )) - tf 1 ^, Cdc(^c)) - 0. 

The space H°(Dc,Od c (Dc)) represents the infinitesimal defor- 
mations of the curve Dc in M. 

If if^M, Cjvf) is identified with the tangent space of T(M) at t, 
the exactness of 

H°(M, Om(D c )) - H Q (D c ,0 Dc (D c )) » H\M, O m ) 

indicates that the infinitesimal deformation of the curve Dc C M 
comes from two sources. Either it comes from the deformation of the 
holomorphic sections in the same linear system P(H°(M, O m {D c ))), 
or it comes from the variation of holomorphic structures parametrized 
by t. 

On the other hand, the exactness of 

H Q {D c ,0 Dc {D c ))^H\M, O m )^H\M, Om(D c )) 
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indicates that the tangent direction in T^(T(M)) which gives rise 
to non-trivial infinitesimal curve deformations is in the kernel of the 
tangent obstruction map 

T t (T(M)) = H\M, O m ) - H\M, O m (D c )). 

Following the same idea as before, we define the algebraic family 
Kuranishi model of the class C, 

Definition 4.4 Let V, W be two algebraic vector bundles over the 
q(M) dimensional torus T(M) and let $vw : V i— > W be an al- 
gebraic bundle map from V to W. We denote the corresponding 
sheaves of sections and the sheaf morphism by V, W, $yw> respec- 
tively. 

The data (V, W, $vw) is sa id to be an algebraic Kuranishi model 
of C over M xT(M) if there exist sheaf isomorphisms Ker($yw) = 
n n*(£) and Coker{<S> vw ) = 1I i tx*(£). 

In the following, we prove the existence of the algebraic Kuranishi 
model of C. 

Proposition 4.2 Suppose that C G H 2 (M, Z) on an algebraic sur- 
face M with p g (M) = 0, q(M) > satisfies 

(i).C -C -a(K M ) -C > 0, 

(U).(c 1 (Km)-C)-ujm < 0. 

Then there exists an algebraic Kuranishi model of C over M x 
T(M). 

Proof of the proposition: Because M is algebraic, we consider an 
ample effective divisor D on M. Then D = D x T(M) is relative 
ample along ir : M x T(M) i-> T(M). 
We consider the short exact sequence 

i-> CmxT(M) ^ MxT{M) {nD) i C nD (^D) ^ 0, 

for a large n, whose value is yet to be determined. 
By tensoring with S and by taking the right derived long exact 
sequence, 

i-> ft°7r*(£) i-> 7e°7r*(£:(nD)) ^ 
ft°7r*(e> nD <g> £(nD)) i-> ftV^) 
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To show that 1Z 7r*(£(nD)) and 1Z 7r*7r*(C n D <E> ^(nD)) are lo- 
cally free and the sequence is truncated to a four-term long exact 
sequence, it suffices to prove that the sheaf ^^(^(^D)) vanishes on 
T(M). Once this has been done, the sheaf exact sequence truncates 
to a four-term exact sequence and 1Z l 'K*(O n Y) ®8{nD)) vanishes as 
well. 

Then 1l it*(O nT) <g> £{riD)) is locally free as H Q (riD, O nD (nD) <g> 
£\Mxt) is of constant rank independent of t G T(M) (see [Ha] the- 
orem 21.11). 

To show that ^^(^(nD)) vanishes on T(M), it suffices to check 
that h\M, M (nD) ® Qm £|mx«) is zero for all t G T(M). 

By Nakai criterion, one can make 0{nD) <g> -ft^ 1 ® £|Mx{i} am ~ 
pie if n is chosen to be large enough. Then the vanishing of the 
h}(M, OM(nD) (g) £\Mxt) is a simple consequence of Kodaira van- 
ishing theorem. □ 

We define the algebraic Seiberg-Witten invariant of C to be 



where the bold face Cj denotes the Chern classes as algebraic 
cycle classes G A*(P(V)). The fl is the intersection product on the 
cycles. 

The definition is independent to the choices of the algebraic Ku- 
ranishi models of C as we notice that ASW can be computed by us- 
ing Grothendieck-Riemann-Roch formula on [V — W] G K(T(M)) 
and is identical to the wall crossing calculation of 2C — Km per- 
formed in [LL2]. 

Remark 4.2 The algebraic Seiberg-Witten invariant defined in this 
way corresponds to counting curves from all the possible holomorphic 
structures on the line bundle with first Chern class C . To count 
curves from a fixed holomorphic structure (linear system) we have 
to modify the definition of ASW by the following recipe 



ASW(C) = J p(v) 4 {C \H)c top (H®n* P{v) W) 
= cf C) (H) n c top (H ® tt£ (v) W) g A(P(V)), 




(V)W), 
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by inserting the pull back of the fundamental class [T(M)] and drop- 
ping the power o/ci(H). 

In general, one can consider a finite number of classes in H\(M, Z) 
which generate a finite number of elements rji in H l (T(M),Z) through 
the isomorphism #i(M,Z) = H l {T{M),Z). One may insert the 
cup product of these elements Arji into the integral (intersection pair- 
ing) and the corresponding algebraic Seiberg-Witten invariant counts 
the algebraic curves from the holomorphic structures in a locus of 
T(M) pomcare dual to Arji G H*(T(M), Z). 

The corresponding wall crossing number has been calculated in 
[L][LL1], and we omit the details here. 

Case 2: (c\(Km) ~ C) ■ ujm > 0. If both pairings C ■ ujm and 

(ci(Km) — C) ■ cum are positive, 1Z 2 ir*(£) may not be trivial and the 
previous argument is not applicable. 

Nevertheless, we still have the following proposition, 

Proposition 4.3 The supports of the coherent sheaves 1Z°7T*(£) and 
7?. 2 7r*(£) do not intersect on T(M). 

Proof: The proposition is in fact a generalization of lemma 14.11 
Firstly, we mark that by [Ha] chapter 2, section 5, exercise 5.6(c), the 
support of a coherent sheaf is closed. If the intersection of these two 
supports is non-empty, then by base change there exists at least a 
t G T(M) such that H°(M, £\ M xt) and H 2 (M, £\ M xt) are both non- 
trivial. Then the chosen t G T(M) defines a holomorphic line bundle 
structure on the C°° line bundle with first Chern class C. Then 
one applies lemma l4~Tl to this situation and finds the contradiction! 
Thus, the supports of the two coherent sheaves can never intersect. 
□ 

The positivity of both (c\{Km) — C) ■ u>m and C ■ ujm implies 
that c\(Km) ■ mm > 0. 

Given the class c\(Km) with positive pairing with ujm-, we sepa- 
rate into two cases depending on whether c\{Km) is poincare dual 
to a holomorphic curve in M or not. 

(i). c\[Km) is poincare dual to a holomorphic curve in M. 

Because p g = dimcH°(M, Km) = 0, the holomorphic curve is 
an effective divisor of some holomorphic line bundle which has an 
underlying C°° line bundle as Km- 
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According to surface classification result, such algebraic surface 
is either a general type surface or an elliptic surface. For both types 
of surfaces, K.M min is numerically effective. Namely, c\{KM min ) has 
non-negative pairings with effective classes. 

By repeating blowing down M, one may get a unique minimal 
model of M, denote by M m i n , and the adjunction equality states 
that 

c 1 (K M )=c 1 (K Mm J + Y / E i , 

where E{ e H 2 (M, Z) are the exceptional —1 class of the blowing 
down map M i— > M m i n . 

We may write C as C m in + T,mE{, with C m in G H 2 (M min , Z) C 
H 2 (M, Z). A direct calculation shows that 

C 2 mm - Cl (K min )-C min = C 2 -c l (K M )-C+J2(m 2 -m l ) > C 2 - Cl (K M )-C 

independent of the signs of these mi. 

If C m i n = G H 2 (M m i n ,7i), then C = Y, m iEi is a multiple of 
exceptional classes. The condition C 2 — C -Km = — XX m ? ~ m i) > 
forces miirrii — 1) = for alii and therefore either m\ = 1 or mi = 0. 

Define J = {i\rrii — 1, 1 < i < n}. Thus, C = J2ieJ Ei can an d 
only can be represented by the sum of holomorphic —1 curves. In 
this case, we define ASW(J2Ei) to be 1. If C m i n ^ 0, then the 

image of the holomorphic curve dual to C under the blowing down 
map M i— > M m i n is a holomorphic curve dual to C m in- 

Denote L = C m in - ci(K Mmin ) G H 2 (M m in,Z). li L — 0, C 
has to be equal to ci(KM min ) + J2i£j Ei for some sub-collection 
J of —1 classes. If — L is not poincare dual to any holomorphic 
curve in M m in, then c\(K M ) - C = -L + Ei<i<n(l - is 
not representable by holomorphic curves in M, either. In this case, 
7£ 2 7r*(£) vanishes. The definition of ASW(C) is identical to the 
(ci(K M ) - C) ■ oo M < case. 

So we may suppose that — L is representable by holomorphic 
curves in M m in an d therefore — L ■ u>M mi „ > 0. 

Because KM min is numerically effective and both C m in and c\{KM min )- 
C m in are represented by holomorphic curves in M m in, it follows 
that ci{K Mmin ) ■ Cmin and Cl {K Mm . n ) ■ (ci(K Mmin ) - C m in) are non- 
negative. 

Therefore 

C liin = ( C min ~ c l{ K M min ) • C m in) + C\{K Mmin ) • C m in > + = 0, 
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(ci {K Mmm ) -C min ) 2 = ( (ci (-^M min ) -Cmm) 2 -Cl (^M ml „ ) • (ci (-^M min ) - Cmin) ) 

+Cl(-^M mi „) • (ci(K Mmln ) - Cmin) 
= (CLn-CliKM^-Crn^+C^KM^iciiKM^J-Crnin) > 0+0 = 0. 

Because both the classes c\(KM min ) — C m in and Cmin are in the 
forward light cone, then by the line cone lemma [LL3], their inter- 
section pairing 

(ci(K Mm . n ) - C min ) ■ C min = -{C m in ~ C min • Cl{ K M min )) > 0. 

Thus (ci(K Mmin ) - C m i n ) ■ C m i n = 0, which can only occur either 
if ci(KM min ) - Cmin and C m in are parallel to each other (up to 
torsions) in H 2 (M,Z) and both a(K Mmin ) - C min and C m in he 
on the boundary of the light cone, i.e. M m in is a minimal elliptic 
surface with c\(K Mmin ) = and C min = rci(K Mmm ) (up to torsions) 
for some r e Q, |r| < 1. 

The definition of the algebraic Seiberg-Witten invariant ASW(C) 
in this situation deserves some additional discussion. Because of the 
presence of the sheaf lZ 2 ir*(£), the algebraic Kuranishi model for C 
is not defined over the whole T(M) as in the (c\(Km) — C) -uom < 
case. 

Instead one considers the support of lZ°ir*(£) and 1Z 2 tt*(£) and 
denote them by Z C T(M) and Z 2 C T(M), respectively. Ac- 
cording to [Ha] section 2.5, exercise 5.6., Zi,i = 0,2 are compact 
sub- varieties of T(M). 

As before consider the derived long exact sequence of the short 
exact sequence 

i-> £ i-> £{nD) i-> O n -D ® £{nD) i-> 0, 

for an ample divisor D C M, D = D x T(M) C M x T(M), and 
a sufficiently large n. 

As in the (c^-fT/vf) —C) -ujm < case, the sheaf 1Z 2 tt*(£) is trivial 
over Zariski open Z| = T(M) — Z 2 . Thus, one still can prove the 
existence of 

$vw : V — ► W 

over where V and W are locally free sheaves over Z| such that 
Ker^ vw ) = ^V(5|mxZ|) and CoA;er($vw) = ^(5 M xZ|)- 
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Let V, W be the corresponding algebraic vector bundles over Zf, 

then we still have rank c (V - W) = _ g (M) + 1. 

Consider the projective space bundle 7rp : P^c(V) i— > Z| as the 
ambient space. Then ct op (H ® 7r P W) determines an algebraic cy- 
cle class [Mc] C P^c(V) of dimension q(M) + (rankcV — 1) — 
ran/ccW = representing ct op (H ® 7rpW). The zero dimensional 
cycle class is an integral multiple mc of the generator [pi] e v4.o(Pz c (V)). 

We define ASW(C) to bem c . 

Remark 4.3 One may construct an algebraic Kuranishi model for 
both 1Vir(£),i = 0,2 over T(M), but the c top (H <g> W) over the 
projective space bundle Pt(M)(V) represents the wall crossing num- 
ber of the associated spin c structure and is calculable by the uni- 
versal wall crossing formula [LL2J. It is equal to zero for C = 
olc\(Km) +J2 Ei on p g = elliptic surfaces, which indicates that be- 
sides the algebraic cycle class associated with 1Z tt*(£), the algebraic 
cycle class associated with Ti?ii*(E) gives an opposite contribution. 

This indicates that the algebraic Seiberg-Witten invariant, which 
is supposed to be equal to the Seiberg-Witten invariant under large 
deformation on the Seiberg- Witten equations by the symplectic form, 
is identical to the Seiberg-Witten invariant in the metric chamber 
(because the wall crossing number is 0). 

In fact, for an elliptic surface M S over a higher genus curve 
S, T(M) can be identified with J(S), the Jacobian variety o/S and 
the Seiberg-Witten invariant of the spin c class 2C — Km (in additive 
notation) was determined in [FM2] and was closed related to the 
intersection theory on the symmetric product S d E for some d e N. 
The space S^E can be identified with LUeZo ~P(H°(M, ^Mx{t})) ^ n 
our picture and the support Zo can be identified with the image of 
S d Z ^ J(E) = T(M). 

For the details of the enumeration of ASW{C) based on curve 
theory, please consult [FM2]. 

(ii). ci(Km) is not poincare dual to any holomorphic curve in M. 

If 7?°7r*(£) is trivial, namely, for all i G T(M) the global sections 
T(M x {i},^Mx{t}) = 0) then C is not poincare dual to any holo- 
morphic curve in M. In this case, we simply define ASW(C) to be 
0. 

On the other hand, suppose 7?°7r*(£) is not trivial, then C is 
poincare dual to some holomorphic curve in M. This implies that 
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ci{Km) — C can not be poincare dual to any holomorphic curve in 
M. Otherwise, the sum of the homology classes of the holomorphic 
curves dual to C and c\{Km) — C is poincare dual to c\(K), violat- 
ing the assumption that c\{Km) is not represented by holomorphic 
curves in M. 

Thus, the sheaf 1Z 2 ir*(£) must vanish. Then we define ASW(C) 
by the same recipe as in (c\{Km) — C) ■ ujm < case on page ESI 



4.3 The Algebraic Family Seiberg-Witten Invariants for 
p g > Algebraic Surfaces 

In the previous subsection, we defined the algebraic Seiberg-Witten 
invariants for p g = surfaces, based on discussions on the class 
C. The invariants defined as intersection numbers of (subspaces) of 
projective space bundles are equal to the topological Seiberg-Witten 
invariants of these surfaces in the specific chambers corresponding 
to large deformations of symplectic ( Kahler) forms. 

In general, their values are directly related to the wall crossing 
formula calculated in [KM], [LL2]. 

However, the ordinary Seiberg-Witten invariant (which are equal 
to Gromov-Taubes invariant through Taubes' theorem 'SW=Gr') 
for p g > algebraic surface has the simple type property. Namely, 
the invariant vanishes if the expected dimension cIgt{C) of the spin 
structure is positive. 

On the other hand, we will define a version of algebraic Seiberg- 
Witten invariant of C E if 2 (M, Z), which is non-zero for most 
classes C with C ■ u M > 0, C 2 - ci(K M ) ■ C = 2d GT (C) > 0. The 
readers should be aware that ASW defined in this section is not di- 
rectly related to the usual Seiberg-Witten invariant SW{2C — Km) 
of the spin class 2C — Km- 

It turns out that for most of the C specified above, we can con- 
struct algebraic Kuranishi models by algebraic vector bundles and 
algebraic bundle morphisms. But for a few minor cases, we have 
to move out of the algebraic category and consider non-algebraic 
bundle maps, despite that the moduli space of curves dual to C is 
still an algebraic object. 

Firstly, We begin by addressing the definition of the invariant 
ASW and then at the end we give a brief discussion about its rela- 
tionship with the family Seiberg-Witten invariant. 
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The key difference from the usual Seiberg-Witten invariant is the 
dimension formula of AS W. 

For a class C G H 2 (M,Z) n if 1 ' 1 (M, C) with C ■ cu M > 0, its 

expected family moduli space dimension is 2 n M ' +fbd(C, M), 

where fbd(C,M) G N U {0}, the abbreviation of the formal base 
dimension, is a correction term depending on C . 

As usual, let £ \— > M x T(M) denote the locally free sheaf associ- 
ated to E, with the holomorphic structures parametrized by T(M). 



Definition 4.5 IflZ 7r*(£) is the zero sheaf over T (M) , then define 
fbd(C,M) = 0. Otherwise, C is poincare dual to the fundamental 
class of a holomorphic curve, which is the zero locus of some St G 
H°(M,S Mx{t} ). 

Given the pair (s t ,t), t G T(M) and s t G H°(M, £ M x{t}) ~ {0}, 
the tensor product with St induces the sheaf morphism 

<S>s t : Om — ► % x {i} 
and then the induced morphism of cohomologies 

(®s t )* ■■ H 2 (M, O m ) » H 2 (M,S Mx{t} ). 

Then the number fbd(C, M) is defined to be the dimension of 
C\ M Ker{{®s t )*), with t G T(M) and s t G H°(M, S Mx{t} ) - {0}. 

It follows from the definition that < fbd(C, M) < dim c H 2 (M, M ) = 
p g . In the following, we assume that C G H 2 (M, Z) n fZ' 1 ' 1 (M, C) 

satisfies C ■ u M > and g!z£l^M>C + j M ^ c ^ M ^ > Q 

As in the p g (M) = case, we separate into different cases. 

Case 1: {c\(Km)—C)-ujm < 0: This condition implies the vanishing 
of the second derived image sheaf 1Z 2 n*(E). It follows from the 
definition of fbd that fbd(C, M) = p g . 

As in the p g = case, we can construct algebraic Kuranishi model 
(V,W,$vw) over T(M), with the understanding that T(M) = 
Pic°(M) reduces to a point when q(M) = 0. Then one defines 
ASW(C) to be 

, C 2 -C- C1 (K M ) 

L Cl 2 +P9 (H)Uc top (H®^ (v) W) 
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C 2 -C. ei (if M ) 

Cl 2 +P9 (H) n c top (H <g> tt£ (v) W) G A(Pt(M))- 



Case 2: (ci(f^) — C) ,UJ M > 0: If the cohomology class c\{Km) — C 
is not represented as holomorphic curves, an easy calculation shows 
that fbd(C, M) = p g and the discussion is identical to the p g (M) = 
case with the shifting of dimension formula — — c '^ Km ) ^ 9. — C-cx(K 
p g . We focus upon the more interesting case that both C and 
c\(Km) — C are represented by holomorphic curves. 

(i). 2cLgt{C) = C 2 — c\(Km) • C > 0. Then the same argument as 
in the p g = case shows that either C is a sum of —1 classes or as 
before M must be an elliptic surface and C = ac\(KM mm ) +J2Ei- 
If C = E Ei, then C 2 - ci(K M ) ■ C = 0. On the other hand, the 
following lemma characterizes fbd(C, M) uniquely. 

Lemma 4.2 Let M be an algebraic surface with p g (M) > and 
M m i n denotes the unique minimal model of M. Let E\,E2, ■ ■ ■ E n 
denote the —1 classes e H 2 (M,Z) — H 2 (M m i n ,Z) of the blowing 
down map p:Mn M m i n . Then for C = Ei, I C {1, 2, • • • , n}, 
the number fbd(C, M) is zero. 

Proof of the lemma: By adjunction formula c\{Km) = c\{KM mir ) + 
YX=i Ei- Let JCM(K-M min ) denote the canonical sheaf associated to 
Km (KM min ), respectively. By abusing the notation, we use the 
same symbol E{ to denote the —1 cohomology class and the unique 
effective —1 divisor it associates with. As usual £ is the locally free 
sheaf over M x T(M) with cy(£) = J^iel E i- 



H°(M, K M ® 0{- ]T Ei)) — ^ H°(M, K M ), I C {1, 2 • • • , n) 



is an isomorphism. Denote p : M i— > M m j n to be the blowing down 
map. The isomorphism follows from rewriting ICm <8> 0{— J2iel Ei) 



and K M as p*K Mmin ® 0(E^/ ^i) and p*/C Mmm ® C(E?=i E { ) and 



Then 




i/ (M,p*/CM rai J) 



//°(M,p*/C Mmi „®C»(E^^) 



H (M,Km) 
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By Serre duality, this implies that for some t G T(M), H 2 (M, Om) l— *■ 
H 2 (M, £Mx{t}) 1S an isomorphism. Thus, the formal base dimension 
fbd(C, M) = for such classes. □ 

This implies that the expected dimension of the classes J^iei Ei 
is 0, the same as p g (M) = case. The moduli space of curves is a 
single regular point and ASW(J2iei Ei) is defined to be 1. 

(i)'. If C = aa(K Mmin ) + Eiel Ei, ^ \a\ < 1, / C {1, 2, • • • , n}, 
on an elliptic surface M with the minimal model M m j n , then / : 
M m i n i— > E is an elliptic fibration without multiple fibers. KM min = 
f*K, where if is a line bundle over E, deg^K = g(E) - 1 +p g (M). 

In this case we know that, 

Proposition 4.4 Let C = aci(K Mmin ) + T,iel E i, ^ \a\ < 1 on 

an elliptic surface M , then fbd(C, M) = 0. 

Proof of the proposition: We first show that fbd(C, M) = fbd(aci(KM min ), M m i n ) 
for such classes. 

Let £ m in be the locally free sheaf over M m i n x T(M m i n ) with 
ci(£ m in) = C min = aci(K Mmm ) G H 2 (M min ,Z). Then for the 
blowing down map p : M ^ M min , £ = p*£ m in ® M (J2iei Ei). 
Pick an arbitrary t G T(M m j n ) = T(M) and consider the following 
commutative diagram 

H 2 (M m i n ,OM min ) > H 2 (M m i n ,£ m i n \ MminX { t y) 

H 2 (M,O m ) — H 2 (M,£\ Mx{t} ) 

It is not hard to show that both the vertical arrows are isomor- 
phisms. The equality of the formal base dimensions follows. 

From now on we may assume that M = M m i n is a minimal 
elliptic surface and £ = £ m in- We would like to show that for any 
given array in H 2 (M, Om), there exists a pair (t, s),t G T(M), s G 
H°(M, £\mx {t}) ~ {0} suc h ^at this array is mapped injectively 
under ®s : H 2 {M, O m ) >-> H 2 {M, £ Mx{t} ). 

By Serre duality, it suffices to show that for any given ray in 
H°(M, ICm), there exists a pair (t, s) as above such that 

: H°(M,lCM®£*\Mx{t}) » H°(M,1Cm) 



46 



maps onto this ray. Because both C and c\{Km) are pulled back 
from the base E of the elliptic fibration / : M \— > E, the above state- 
ment can be translated into showing that: For all non-zero sections 
in if°(E,/C), /C M = f*K, deg^K, = g{E) - l+p g (M), there is an 
invertible sheaf T> over E, deg^P = (1 — a)deg-£)C and a section s in 
#°(E, /C <g> D*) such that the image of ®s : #°(E, V) h+ H°(E, K) 
contains these sections in if°(E,/C) = H°(E, mi^l))- 

Let XZz m z^z, G E be an effective divisor in the linear system of 
|/C|, we know that Y^,i m l = deg^JC. Choose a tuple n\ < mi, V7 such 
that J2i n l = (1 — a)degY,IC. Then we can take £> = O^iJZinixi) 
and J2i( m l ~ n l) x l defines a ray (up to C* action) of sections s G 
H°(Z,Ox(Xi(mi - ni)xi)) £ #°(E,/C <g> Z>*). It is apparent that 
the map induced by tensoring with s maps onto the ray of sections 
defining J2i ™>l%l- n 

(ii). -2fbd(C,M) < C 2 - ci{K M ) ■ C < 0. We do not classify C 
in this situation. Any such C does not correspond to basic classes 
for ordinary Seiberg-Witten invariants because of the negativity of 
its Gromov-Taubes dimension. These classes are candidates of the 
exceptional classes. 

In the following, we discuss the construction of algebraic Kuran- 
ishi model of a C G H 2 (M, Z) n H^M, C) satisfying (i)' or (ii) 
above. In these cases the bundle map of the Kuranishi model will 
not be algebraic. 

Proposition 4.5 Let M be an algebraic surface with p g (M) > 
and let C G H 2 (M, Z) fl-H^M, C) be an integral (1, 1) class satis- 
fying (i)' and (ii) on page \4 6\ \4 7\ Then there exist algebraic vector 
bundles V, W and an algebraic bundle map $vw : V k W such 
that 

(i) . There exist another pair of algebraic bundles W,V and the 
bundle map : ^ l— ^ ^ such that 

Coker(V m ) - (K 2 7r*( £ )) = n°ir*(£* ® K M )*, 
by relative Serre duality. 

(ii) . The locally free sheaf W associated with the vector bundle W 
is a sub-sheaf of the locally free sheaf VV © 0^ A j^ C,M ^ . And we 
have 

Ker(^ vw )=Tl Q ^{£), 
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and CoA;er($yw contains a sub-sheaf isomorphic to 7?. 1 7r*(£). 

(Hi). rank c V-rank c W = C2 ~ Cl( f M>C -q(M)+ Pg (M)+fbd(C, M)+ 
1. 

Proof of the proposition: We prove (i), (ii), and (Hi) step by step. 

Step one: As usual, we choose an effective ample divisor D on M 
and consider the following short exact sequence for a large enough 
n. By choosing n large enough, we may assume £ G \nD\ to be a 
smooth curve in the complete linear system \nD\. In the following, 
we assume that S = nD is a smooth curve. 

i-> £> M (£) i-> 0(E) ® £ i-> E (£) <g> £ i-> 0. 

We have the following long exact sequences and sheaf isomor- 
phisms, 

^ TeV*^) i-> o, 

ftV^s^) (8)5) =ft 2 7r*(£). 

The difference from the previous situations is that 7?°7r*((!} E (£)® 
£) and T^tt^C^E) <g> £) may not be locally free over T(M). 

To remedy this, consider a sufficiently very ample divisor A on 
the smooth curve £ G and take the derived long exact sequence 
of the following short exact sequence, 

xT(M) E (£+A)®£| 

xT(M) ^ 

Then we have the following four-terms long exact sequence on the 
derived sheaves when A is sufficiently very ample on £, 

O^ft°7r*(0 E (£)®£| ExT(M) ) ^ft°7r*(0 E (£ + A)®£| ExT(M) ) _> 

^ tt*(Oa(S + A) <g> S\ AxT(M) ) ^ Tl l ^{0^{T) <g> £| ExT(M) ) i-> 0. 
Define V, VV and V to be the locally free sheaves 
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H Q 'K*(0(Y,)®£), ft 7r*(£> E (£+A)©£| ExT(M) ) and^°7r H< (CA(S+ 
A) © £\axT(M)) over T(M), respectively. As usual let V, W and 
V be the corresponding algebraic vector bundles. 

Then there are bundle maps ^y-^ : V i— > W, and ^-^v : W i— > 

V. 

The map is induced by the sheaf morphism composition 

ft o 7r*(0(£) © 8) i-> ^ 7r*(O E (E) © £) i-> ^ tt,(C e (S + A) © £| ExT(M )), 

while ^-^v is induced by the above four term long exact se- 
quence. 

We have Ker(<S>' Y ^) ll ir*(£). 
By construction 

CoA;er(^ W v) = ^V(C»e(S) © £| ExT (M)) 

^ 2 tt*(£) ft°7r*(£* © /C M ). 
Thus, statement one has been proved. 

In the following, we will implicitly identify Coker(^^y) with 
TZ 2 n^£). 

Step two: The definition of the number fbd(C, M) implies that there 
exists a surjective sheaf morphism 

QPs-mcM) c p t ^ ^ n 2 Mo MxT(M) ) » n 2 M£) » o. 

We define the sheaf W to be the direct sum 

W = Ker(W ^ V) © Ker(0 P T 3 ^ d{CM) h-> ft 2 7r*(£)). 

Thus, W is naturally a subsheaf of W © O v T 9 ^ d{C,M) . 
Lemma 4.3 JTie s/iea/ W is locally free. 

Proof of the lemma: To show that W is locally free, it suffices to 
show that ([Ha], page 174, chapter II. 8.9.) for all x G T(M), the 
k(x) vector space W © k(x) is of constant rank independent of x. 
But this follows from the equality 

rank^^iyV © k(x)) = rank^^KeriW \— > V) © 
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+rank k(x) Ker(0 P T 9 { ^ d{CM) ^ TZ 2 n^S)) ® k(x) 
= ranku x \W ® k(x) — rank k < x \V <g> k(x) + rank k ^1Z 2 ix*(£)) (g> k(x) 
+rank k ^O^^ d ^ C,M ^ (g> k(x) — rank k ^TZ 2 7r*(£)) (g> k(x) 

= rankcYV - rank c V + p g - fbd(C, M), 

and is independent of x e T(M) because V, W are locally free. 
The lemma has been proved. □ 

Once we realize W to be a locally free sheaf, we are ready to 
construct $vw : V l— * VV. 

Because the image $^(V) lies in the sub-sheaf 7£ O 7T*(0e(£) ® 
5), the kernel of ^wv> -^(^yyy;) ac tually lies inside W. Thus, the 
map $yyy factors through a sheaf morphism $yyy : V ^ W and 

Ker($vw) = Ker(Phi' vyv ) = H°n*(S). 
On the other hand, 

Coker(<S> vw ) D Ker^^/M^Vy) 
= ft°7r*(£> E (£) ® £)/Im(K\*bigl(0(E) ® £) s ftV*^). 
This ends the proof of the second statement. 
Step Three: We have 

ran/ccV— rfmfccW = rankcV—(rankcW+(p g —fbd(C, M))—rankcV) 
= X (0(E) ®£)- (x(Oe(S + A) <g> £) - deg(A)) -p g + fbd(C, M) 

= x(£)-Pg+fbd(C,M) = - - ° i( ^ m) ' - ' -q(M)+fbd(C, M) + l, 

by surface Riemann-Roch theorem. This finishes the proof of step 
three and therefore the proposition. □ 

By the algebraic Kuranishi model $vw : V i— > W constructed 
in proposition 14. 5} the algebraic moduli space of curves dual C can 
be realized as a projective cone determined by the coherent sheaf 
7l Q ir*(£) and is embedded inside Pt(M)(V) as the zero locus of a 
canonical section s$ vw : T(P T ( M )(V), Hp T(M) <g> W). 

Thus, one defines .ASW(C) to be the intersection product of the 
algebraic cycle classes 
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ci(H) n ° -*?" y ° +mCM) n Ctop(H ® W) G A(Pt ( a/)(V)). 

At the end of this subsection, we explain why the above defini- 
tions of ASW in the various cases are independent to the choices of 
the algebraic Kuranishi models. 

Proposition 4.6 The algebraic Seiberg-Witten invariants defined 
in this section are independent to the choices of algebraic Kuranishi 
models (V, W, $vw) used to define them. 

Proof of the proposition: As has been pointed out earlier, in a few 
cases (p g = 0) the calculation of ASW can be identified with the 
wall crossing formula of Seiberg-Witten invariants [LL2] or some 
known calculation of Seiberg-Witten invariants [FM2]. Thus the 
answers are known to be independent to extra data like the choices 
of Kuranishi models. Nevertheless, we offer an algebraic proof for 
all the different cases. 

The algebraic Seiberg-Witten invariants for q(M) = algebraic 
surface is ±1 and the proof of the proposition is trivial in these 
cases. In the following, we assume q(M) > and separate into two 
different situations. 

(i). The sheaf K 2 ir*(E) = over T(M). In this case, ASW{C) is 
equal to 

7 P(V) *PCV)Ci 2 P9 (H) • c top (H ® tt|, (v) W), 

for some algebraic Kuranishi model (V, W, $vw)- 

One may evaluate ASW(C) directly and find the answer to be 

It(M) c g (M)( w - v ) = It(M) c g (M)(W-V) (following the calculation 

in the wall crossing formula [LL1], [LL2]). 

Then the independence to the algebraic Kuranishi models is due 

to the equality in the K group of coherent sheaves on T(M), 

W- V = H 1 7l*(£) -ft°7T*(£). 

An alternative way without evaluating ASW is by stabiliza- 
tion and lemma on page EH1 Suppose that (V a , W a , $v a w a ), 
(V&, Wfr, $v b w b ) are two different algebraic Kuranishi models of 
the class C. 
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Then by lemma 15.31 it is not hard to see that both the original 
integral expressions can be stabilized to 



, C*- C1 (K M )-C 

= /p(v ev 6 ) Cl 2 (H) ' Ctop{U ® 7r P(v.©v,)(W 6 © V a )). 

by using [W&— V5] = [W a — V a ] in the .K" group of vector bundles. 

(ii). Suppose that 7£ 2 7r*(£) ^ on T(M), we show the independence 
to the Kuranishi models by a stabilization argument. 

Case I: p g (M) = 0. Denote the support of the coherent 7£ 2 7r*(£) 
to be Z 2 . Suppose there are two algebraic Kuranishi models (V a , W a , $v a w a )> 
(V , W a , $v a w a ) over for M-c-, the identical stabilization argu- 
ment as in (i). works except the Kuranishi models are defined over 

instead of the whole T(M). 

Case II: p g (M) > 0. In this case the ASW{C) is defined to be an 
intersection number on the total space of an algebraic vector bundle 
(over a projective space bundle). 

Suppose that we are given two different algebraic Kuranishi mod- 
els of M-c-, with the corresponding algebraic vector bundles given 
by Vi, Wi, Wi, Vi and V2, W2, W2, V2, respectively. 

Then we have to show that 

c 1 (H) n i C2 " Cl( "" ) - C +/^)>nc top (H®W 1 ) G A(Pr(M)(V 1 )) = Z 
and 

ci(H)n{ £!^^ +/M(CiM)}nc ^ (R ^ W2) e A(Pr(M)( v 2)) * z 
coincide. 

By lemma 15 .3\ we may replace the intersection numbers of alge- 
braic cycles by 

ci(H) n { ^a^ +/M(c , M )} nCtop(H ^ (Wi0V2)) e ( Vl ©V 2 )) 
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and 



ci(H) n { ^W +/M(c , M )} nCtop(H0(W20Vi)) G A( p T(M)(Vl © 

As before, it suffices to show the following equality in the K group 
of coherent sheaves Kq(T(M)), 

[V 2 ] + [Wi] = [Vi] + [W 2 ] 
and it is equivalent to 

[v 2 ] + [m\ + [d^ CM) ] - [vi] = [V!] + [m\ + [o? ( ^ M(C ' M) ] - [v 2 ] 

and is then equivalent to 

[m] - [Vi] - [Vi] = [w 2 ] - [v 2 ] - [v 2 ]. 

By using the exact sequence in the proof of the proposition 14.51 
both sides of the yet to be proved equality in Kq(T(M)) can be 
identified with 

therefore, both sides must be equal. □ 



4.3.1 The Relationship of ASW with Family Seiberg-Witten Invari- 
ants 

In this subsection, we outline the relationship between ASW and 
the family Seiberg-Witten invariant. 

For Pg(M) = 0(6^ = 1) algebraic surfaces, all the classes C E 
H 2 (M, Z) automatically become (1, 1) classes under the Hodge de- 
composition. And the algebraic Seiberg-Witten invariants of C are 
equal to the Seiberg-Witten invariants of the spin class 2C—Km (in 
additive notation) in the chambers of deformations by large Kahler 
forms. On the other hand, for algebraic surfaces with positive geo- 
metric genera, the algebraic Seiberg-Witten invariant of C is defined 
only for C G H 2 (M, Z) fl H 1 ' 1 ^, C) and its dimension formula de- 
pends on the holomorphic invariant < fbd(C, M) < p g . 
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Suppose that Dq is an effective curve on M representing the 
cohomology class C and sjj c is a defining global section of Dq. 
Then we analyze the long exact sequence associated to 



O m Om(D c ) - Dc (D c ) » 0, 

^ H (M,O M ) - H°(M,O m (D c )) - H (M,O Dc (D c )) 
» H\M, O m ) - ^(M, Om(Dc)) - H X (M, Dc (D c )) 
^ # 2 (M, O m ) -> # 2 (M, OmPc)) ^ 0. 

Let Tm and denote the tangent and cotangent sheaves of M. 
As C G if 1 ' 1 (M, C) = H 1 (M, T M ) = H 1 (M, Q M , the restriction of 
the cup product pairing 

U : H\M, T m ) ® H\M, n M ) — > # 2 (M, O m ) 
gives rises to the linear map 

H\M,Tm)^H 2 (M,O m ), 

sending the infinitesimal complex deformations of M to the in- 
finitesimal deformation of Hodge structures. In the fixed complex 
vector space H 2 (M, C), the deformation of the decomposition 

H 2 (M, C) = H 2 '°{M, C) © if 1 ' 1 (M, C) © iJ°' 2 (M, C) 

is a so-called deformation of the Hodge structures. The tangent 
space of infinitesimal deformations of if 1 ' 1 (M, C) © # 2 '°(M, C) C 
# 2 (M, C) can be identified with 

HomciH^iM, C) ©# 2 '°(M, C), # 2 (M, C)/if 1 ' 1 (M, C) ©# 2 '°(M, C)) 

= HomciH^iM, C) © # 2 '°(M, C), #°' 2 (M, C)). 

Then one may interpret the map H 1 (M, 7m) H 2 (M, Om) as 
the composition of the infinitesimal period map 

H X (M, T M ) i-> Hom c (H^\M, C) © # 2 '°(M, C), #°' 2 (M, C)) 
and 
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Hom c {H^ l {M, C)©# 2 '°(M, C), H°' 2 {M, C)) — ► Hom c {CC, H°' 2 {M, C)) # 2 (M, C M ) 

through the embedding CC C if ^(M, C). 

In general, the linear map U[C] : H l (M,T M ) ^ H 2 (M,O m ) 
may not be surjective. For example, when C — a • c\{Km) and 
when H l (M,T M ) is un-obstructed, the map U[C] is always trivial 
as the canonical class ci(/<m) persists to be of type (1, 1) under 
complex deformations of M. 

Given an invertible sheaf C, a connection on £ is a compatible 
family of 1st order differential operators V. such that for U open, 
X G T(U,T M ) and s G T(U,C), Vjr(s) G T(U,C) satisfies V x (f • 
s) = X(/) ■ s + f • Vjf(s) for / G r(C/, M ). 

Suppose is an effective divisor and S£> c is a defining global 
section of .D^ m F(M,0(Dc)). Then V.(s)|d c establishes a mor- 
phism from iJ 1 (M, T M ) to tfipc, 0£> o (£>c7)). 

Then we have the following commutative diagram 

H\M,T M ) — H\D C ,0 DC {D C )) 

H 2 (M,O m ) = H 2 (M,O m ) 

where 5 is the connection homomorphism in the long exact se- 
quence and the left vertical arrow is the infinitesimal period map. 

We can make the following conclusion on the comparison between 
ASW p t(l : C) and the family Seiberg-Witten theory. 

(i). Suppose that fbd(C, M) = p g (M), then the expected dimension 

of the moduli space is C ~ Cl \^ M )' c ' +p g . Let B P3 (e) denote the radius 
e ball in the complex space C Pg . 

Suppose that there exists a germ of deformation of complex struc- 
tures of M, 7T : X i-> B P3 (e) C C Ps such that 

(a) . 7r _1 (0) is bi-holomorphic to M. 
and 

(b) . the infinitesimal composite period map 

T B p * h- H\M,T M ) H 2 (M,O m ) 
is an isomorphism. 

Then C fails to be a (1,1) class in the nearby fibers. 
In the given local family of complex manifolds, the family moduli 
space of curves in C localizes to be above G B P3 (e). In such 
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situations, the dimension formula of ordinary SW theory and the 
expected virtual dimension differ by p g . But the latter matches 
up with the family SW theory dimension formula of a p g family. 
Then ASW(C) is actually equal to the (local) family Seiberg-Witten 
invariant of the spin c class 2C — Km (in additive notation) with 
the family Seiberg-Witten equation deformed by the large fiberwise 
Kahler forms. 

Remark 4.4 The local condition (a), and (b). hold when there 
are p g dimensional un-obstructed infinitesimal complex deformation 
of M map injectively into the infinitesimal deformation of Hodge 
structures. 

The global version asks for the existence ofir : X \— > B, where B 
is a compact smooth p g dimensional variety and the total space X 
is Kahler. 

(a). vr~ 1 (6) is bi-holomorphic to M for some b E B. 

(a) '. C e H 2 (X, Z) and i* b C e //^(V 1 ^), C) for the inclusion 
map if, : vr _1 (6) i— > X . 

(b) . If C G i? 1 ' 1 (7r _1 (6), C) for any b E B, then the infinitesimal 
composite period map 

T b B » H\K-\b),%-, {h) ) » H^n- 1 "(6), 0,-1(6)) 

is an isomorphism. 

It turns out that the algebraic surfaces with trivial canonical bun- 
dles ICm — Om, ^.e. K3 surfaces or abelian surfaces, carry the so- 
called twistor families of complex structures which have the desired 
global properties (a), (a) 7 , (b). In these situations, the ASW can be 
interpreted as the family Seiberg- Witten invariants in the chambers 
deformed by large S 2 family of hyperkahler forms [LL1]. 

Besides hyperkahler S 2 families of complex structures, it is prob- 
ably too strong to find the germs of smooth families X \— > B with 
smooth fibers which satisfy all (a), (a)' and (b). 

Suppose that ci(M) = 0, then all the C G H 2 (M, Z), C ■ u M > 
satisfy fbd(C, M) = p g . On the other hand let E be sufficiently 
relative very ample on M x T(M) i— > T(M), Kodaira vanishing 
theorem also implies that fbd(C, M) = p g for such classes c\ (E) = 
C. In particular, the algebraic Seiberg-Witten invariant of C for 
such E can be thought formally as the family invariant on a germ 
of p g dimensional infinitesimal family. 
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(ii) . Suppose that fbd(C,M) = 0, e.g. C = J^Ei, then the dimen- 
sion formula — — c '^( Km ) [ s identical to the p g = case. 

By combining with the family blowing up formula, the indepen- 
dence of dimension formula on p g explains why type I exceptional 
curves in the universal family [LI] of p g > algebraic surfaces obey 
the same dimension formula in the p g = algebraic surfaces. 

(iii) . Suppose that < fbd(C, M) < p g , then the dimension formula 
of C is shifted to c2 - Cl f M) ' c + fbd(C, M). We discuss (ii) and (iii) 
together. 

By the definition of the number fbd(C,M), there exists a sub- 
space F of H 2 (M, Om) of dimension fbd(C, M) which is the inter- 
section of all the kernels of H 2 (M, O m ) ^ H 2 (M,S Mx{t} ). Then 
the subspace F defines a fbd(C, M) dimensional subspace of in- 
finitesimal deformation of Hodge structures deforming C away from 
being a (1, 1) class. For positive fbd(C, M), the F defines a trivial 
factor on the obstruction bundle of the Kahler Seiberg-Witten the- 
ory, which causes the usual SW invariant to vanish. By removing 
the trivial factor F, the intersection number defining ASW(C) are 
generically nonzero. Only when certain conditions like (a), (a)', (b) 
(on page I5^|) hold, the operation of removing a trivial factor in the 
obstruction bundle can be interpreted as extending M into a local 
family. 



5 The Algebraic Proof of the Family Blowup 
Formula 

Having defined the algebraic Seiberg-Witten invariants in sectional 
we offer an algebraic proof of the family blowup formula which in- 
cludes the important special cases of the universal families M n+ \ \— > 
M n , n G N and its sub-families M n+ i x^„ Y(T) ^ Y(T) on the 
closures of admissible strata See [Liul]). 

Suppose that tt : X i— > B is an algebraic family of smooth al- 
gebraic surfaces over a smooth algebraic base manifold B and let 
s : B i— ► X denote an algebraic cross section of the fibration. Let C 
be an element in H ^(X, Z) which restricts to a monodromy invari- 
ant class on the fibers. The inclusion s(B) C X is a codimension 
two smooth sub- variety of X with normal bundle "N S ^\X. Blowing 
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up s(B) C X produces the blown up variety X' with an exceptional 
divisor Eg — P_b(N). We denote the fiberwise exceptional curve 
(and the corresponding cohomology class) of X' \— ► B by the nota- 
tion E. Then the blowup formula is expected to relate the algebraic 
family invariants of C over X i— > B and C' = C + mE, m e Z over 
A" i — ► 5. 

Given the family tt : A? i— > B, the family of the relative Picard 
group Pic associated to the fiber algebraic surfaces as in proposi- 
tion 14.11 forms a fiber bundle of complex tori over B, denoted by 
Tb{X). The fibration Tb(X) \— > B can be identified with the quo- 
tient n 1 n Jf (O x )/'}Z 1 n^Z). 

As in the B = pt case, there is a holomorphic line bundle E over 
Tb(X) with first Chern class (the pull-back of) C. When X \— > B 
is the universal family M n +i i— > M n or its sub-families, it is easy 
to use the following proposition, prop. 15.11 repeatedly to show that 
Tg(X) is isomorphic to the trivial product T(M) x B. 

Proposition 5.1 Let X' \— > B denote the blown up fibration from 
X \— ► B along s : B i— > X . Then Tb(X') = Tb{X). Namely, 
the torus fibration is invariant under the blowing up along a cross 
section. 

Proof: The fibers of Tb(X) are constructed from the Hodge group 
H 0,1 of the fibers of X \— > B. The (0, 1) component of the Hodge 
decomposition of an algebraic surface is invariant under blowing 
ups. By applying the observation to a family that is why Tb(X) is 
invariant under blowing ups along cross sections. □ 

We introduce some technical conditions on the fibration which 
guarantees the existence of algebraic Kuranishi models. 

Definition 5.1 An algebraic fibration X \— > B of relative dimension 
two is said to be relatively good if there exists an effective very ample 
divisor D in X which is of relative dimension one under X i— > B. 
The algebraic fibration X i— > B is said to be two-relatively good if 
there exist two effective very ample divisors D\,Di such that 

(i) . D\ and D2 are both smooth and are of relative dimension one 
over B. 

(ii) . D\ H D% C Di, i = 1,2 is a smooth divisor in D\ and D2 and 
is of relative dimension zero over B. 
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We introduce the following definition of formal excess base di- 
mension / ebd(C ', X I B) , extending definition 14.51 for B = pt, 

Definition 5.2 Let n : X \— > B be an algebraic fiber bundle of alge- 
braic surfaces and let C E H > (X, C) D H 2 (X, Z) be a monodromy 
invariant fiberwise cohomology class. Let £ be the invertible sheaf 
over Tb(X) and consider the following natural pairing 

ft°7r*(£) ® K\*{O x ) ^ ^ 2 tt*(£), 

Define Ann (lZ°7r*(£)) C 1Z 2 ir*(Ox) to be the annihilator of '1Z %*(£) 
under the pairing. 

If1Z 2 n*(£) = 0, define febd(C, X / ' B) = p g in this trivial case. 

IflZ 2 n*(£) 7^ ; then the formal excess base dimension febd(C, X/B) 
is defined to be the rank of the maximal trivial locally free subsheaves 
of Ann(R°ii*(£)). 

To simplify our notations, in the following theorem and its proof 
we do not write explicitly the pull-back maps on line bundles and 
the cohomologies H*(X,Z) i— ► H*(X', Z) induced by the blowing 
down map X' i— ► X. Thus, we use the same symbol C to denote the 
fiberwise class on X and its pull-back to X' . The readers should be 
able to determine from the context whether we refer to the class C 
on X or its pull-back to X'. 

Let £ be an invertible sheaf on X' x b 7b(X'), then c\{£ ) pulls 
back to a class in H 2 (X', Z). We abuse the notation and denote 
it by the same symbol c\{£). In the following, we assume that the 
pull-back first Chern class c\{£ ) = C or C + mE in H 2 (X', Z). 

If the geometric genus p g of the fiber algebraic surfaces is zero or 
if c\{Kx/b) — C* is of non-positive degree (with respect to an ample 
polarization), we assume that fiber bundle 7r' : X' \— ► B is relatively 
good. If p g of the fiber surfaces is greater than zero and the relative 
degree of the class c\(Kx/b) — C is positive, then we assume that 
71"' : X' i— > B is two-relatively good. 

Once we make such assumptions on the fiber bundle X' \— > B, 
we can mimic the construction in section El and construct the alge- 
braic family Kuranishi models of the family moduli spaces of curves 
dual to C and C + mE. Because the current construction is basi- 
cally the family extension of the construction for B = pt, we omit 
much of the details. Nevertheless, we address the analogue of propo- 
sition 14. 5| which constructs the algebraic family Kuranishi model 
(V, W, $vw) of the case p g > and V?-n^{£) ^ 0. 
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By definition 15.21 of febd(ci(£),X'/B), there exists an inclusion 

febd( Cl (S),X'/B) c n 2^ Qxi y Define the quotient locally f ree 

sheaf U 2 ^{O x >)/Ot^^ £),X ' ,B) to be T. Denote i T to be the 
surjective morphism T \— > 7£ 2 7r*(£). 

Proposition 5.2 Suppose that the algebraic fiber bundle tt : X' \— > 
B is two-relatively good, then for the given invertible £ over X' Xb 
Tb(X'), 

(i) . There exists a pair of locally free sheaves W, V and a sheaf 
morphism : VV ^ V such that Coker^^) = TZ 2 tx'^{£). 

(ii) . The locally free sheaf W associated to W is taken to be Keri^y^y)® 
Ker(ijr) and there exists the algebraic family Kuranishi morphism 
$vw :VhW such that Ker{$vw) - and Coker(§ vyv ) 
contains 1Z Q ii^(E) as a sub-sheaf. 

(Hi). There is the following formula on the virtual rank, 



rank c y-rank c W = — V ^ -q+febd(c 1 (£),X'/B)+l. 

Proof of the proposition: 

Step One: By using the condition of tt' : X' i— > B being "2-relatively 
good" , the proof of the statement (i) is parallel to the B = pt case. 

As before, we use bold character like W to denote the algebraic 
vector bundle and use the calligraphic character like W to denote 
the corresponding sheaf of sections. 

We set D\ = D and ID2 = A and take n, I to be sufficiently large 
integers. We take V, V, W to be Tl°n! ¥ (Ox'(nD)<gie), n°n' Sf (O nDnA (nD+ 
A) ® £) and n Q -n^(O nD (nD + A) ® £ ), respectively. 

Then we have for sufficiently large n and I, 

i-> K°irl{£) i-> V i-> K\l{O nD (nD) £) i-> TZ 1 ^) i-> 0, 



i-> n°7rl{O nD {nD) ® £) i-> W i-> V i-> 1Z x ^{O nD {nD) <g> £) ^ 0, 
and 

similar to the B = pt case. 
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Step Two: For statement (ii)., we focus on the locally free-ness of 
W = Ker(tyyyy) ® Ker{ijr). According to [Ha] page 174, chapter II 
lemma 8.9, it suffices to check that for all y G Tb(X'), dimu y ^W ® 
k(y) is a constant independent of y. 

We demonstrate this by showing (using the exact sequences listed 
in step one) 

dim klyy) W(g)k(y) = dim k ^ y) Ker{^^)®k(y)+dim k ^ y) Ker{ijr)®k{y) 



= (dim k (yjW <g> k(y) - dim k ^V <g> k(y) + dim k ^TZ 2 7T^(S) <g> k(y))+ 



(dim k ( y }J r (3k(y)—dim k ( y }7l 2 iT*(£)(3k(y)) = rankcW —ranked +rankcF '. 

Thus, the sheaf W is locally free. The remaining conclusions 
about Ker or Coker are identical to the original argument in prop. 
I4.5l and we omit it here. 

Step Three: For statement (iii). in the proposition, we notice that 
the construction of V, W and V are the family extension of the 
construction in prop I4.5I and their ranks are independent to this 
extension, we still have as before 

ci(£) 2 - Cl (£) ■c 1 {K x , /B ) 

rankcV+rankaV—rankaW = q+p a +l 

2 y 

by surface Riemann-Roch formula. 

Then the formula in (iii). can be derived by using the calculation 
in the step two and the formula rankcF = p g — febd(ci(£), X'/B). 
□ 

Example 5.1 The rank calculation in the step two of the proof can 
be strengthened to imply that 

[W] = [W] - [V] + [T] 

in the K group of coherent sheaves on Tb(X'), Kq(Tb(X')) ■ This 
identity will be used implicitly in the derivation of the algebraic fam- 
ily blowup formula. 
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By using the data (V, W, $vw) of an algebraic family Kuran- 
ishi model, we define the algebraic family Seiberg-Witten invariants 
similar to the B = pt case. The corresponding mixed invariants for 
C + mE = c\{£) will be defined to be 

c\(£)-c 1 (£)-c 1 {K. x i , g ) ; 

AFSW X '„ B (c,C+mE) = c\ * +f^d( Cl (£),x / B ) (H )n Ctop (H®W) e A (P Tb (X')(V)), 

for c E A* (B). 

Theorem 5.1 Let X' \— > B and X \— > B and C be as described 
above with the appropriated relatively good conditions, and let m 

be an integer such that family dimension fx IB ~ — Cl ^ x ^ B ^' c + 

febd(C,X/B) - + dim c B > 0. Then for any c e H*(B, Z) 

(or any class c of algebraic cycles in B) the mixed algebraic family 
Seiberg-Witten invariant of the class C + mE over the blown up 
fibration X' i— > B is related to the algebraic family Seiberg-Witten 
invariant of C by the following formula, 

AFSW x ,^ B {c,C+mE) = ^^W^ s (cnc. t (E®(S m - 2 (C B ©N s(B) A'))),C) 
for m > 1 and 

AFSW x ,^ B {c,C+mE) = Y J ASW x ^ B {cnc l {V®{S- m -\C B mi (B) X))),C) 
for m < . 

Remark 5.1 One may assume additionally that X' \— > B carries 
cross sections. Then the image of each cross section to X' under 
the blowing down map X' i— > X induces a cross section on X i— > B. 
By using the cross sections, one may interpret formally the algebraic 
family Seiberg-Witten invariant as a virtual count of holomorphic 
curves through generic cross sections of X' i— > B , X \— > B and the 
family blowup formula relates these invariants. 

Proof of the theorem: Suppose that abstractly we are given an alge- 
braic Kuranishi model of the fiberwise class C over X \— > B. Namely, 
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there is a bundle map $vw : V — > W over T B (X) and the alge- 
braic family invariant is defined either as an intersection number in- 
volving Cto P (H® W) over the whole projective space bundle Pt b (x) 
or over an open subset of it. As usual, we use V and W to denote 
the corresponding locally free sheaves associated to V, W. 

Let S and S m denote the invertible sheaves associated with C and 
C+mE on X', respectively. By proposition l5.ll we can identify their 
base spaces to be T B (X') = Tb(X). 

Case One: We assume that m > 0, then there is an short exact 
sequence relating £ m and S, 

h-> 8 h-> £ m i— > O m E B {mE B ) <E> £ i— > 0, 

where .Eg = Pb(N s (5)<Y) denotes the exceptional divisor of the 
blowing down map X 1 \-> X. 

Firstly, we establish the following lemma, 

Lemma 5.1 Lei Eg = P_B(N s (_mA?) denote the exceptional divisor 
of X 1 ^ X . Then for all m > 0, the sheaf lZ Q Ti^{O rn E B {rnEB) ® £) 
over Tb{X) is the zero sheaf and the sheaf TZ Q i:^{O m E B {mEB) ® £) 
is locally free. 

Proof: By induction we assume that for k = m — 1 the sheaf 

1Z° n'^O kE B (kEB)) over has been proved to be the zero sheaf. We 
prove that for k + 1 = m, TZ°tt^(0 \k+i) B {{k + 1)E B )) is also trivial. 

Recall that for two effective divisors A and B on an algebraic 
manifold, we have the following short exact sheaf sequence (see for 
example [Fr], pp 15, equation (1.9)), 

i — > O a (A) h-> O a+b (A + B)^ O b (A + B)^0. 
In our case we take A = kE E and B = Eb, then 

' * O kEB (kE B ) ' {k+1)Eg ((k + l)E B ) i-> EB ((k + l)E B ) ^ 0. 

Then we have the following (portion of) derived long exact se- 
quence by pushing forward along it' : X' \— > B, 

o ^ n\Uo k E B (kE B )) ^ n\i(o {k+1)EB ((k+i)E B )) » n°^{o EB {{k+i)E B )). 
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It suffices to argue that n iri(O EB ((k + l)E B )) vanishes. By 
base change to all closed points b G B, it suffices to check that 
/i°(P 1 , (9pi(— k — 1)) = for k > 0. It follows from the negativity 
of the degree degOpi(—k — 1) on P 1 . Then by curve-Riemann- 
Roch and Grauert criterion (see [Ha] page 288 cor. 12.9) the sheaf 
ftM(0(fc+W(* + 1 ) E b)) is locally free. 

By tensoring with £ from the base T B (X) and by moving £ into 
the right derived image functor we find that TS. 1 ^^ (^(fc+i)^;^ ( + 
l)E B )®£) is locally free and K°K(£>(k+i)E B ((k + l)E B ) ®£) is the 
zero sheaf. 

Moreover, we have the following short exact sequence of right 
derived sheaves, which will be used in identifying the relative ob- 
struction bundles appearing in the statement of the theorem, 

i-> ^M(0 (m _i )Bfl ((m-l)S B )) n^iOmE^mEB)) ^ K l n',{0 EB {mE B )) h-> 0. 

By using the fact ft <((3p B (N s(B) {X)) {-E B )) = U* {B) X, the 
conormal sheaf of s(B) C X and the relative Serre duality along 
P B (N S ( B \X) i — > £>, one can identify 'R}-K l if (0 EB {mEB)) with the 
m — 2 symmetric power S m_2 (A/' s (5)A'). 

Thus, there is an identity among total Chern classes of these 
derived sheaves, 

c to tai(K 1 <(O m E B {mEB))®e) = c tota K^Vl(0 (m _ 1)EB ((m-l)^ s ))®£)-c totaZ (S m - 2 (jV; (B) A')®£). 

This identity will be used in the proof of the theorem 15.11 This 
finishes the proof of lemma 15.11 □ 

Firstly, we deal with the case when n 2 7r'^£), Tl 2 ^{£ m ) vanish. 
It happens when the fiber surfaces have a trivial geometric genus or 
when c\(Kx/b ~ C) is °f negative relative degree. 

By using lemma l5~T| we have 

and 

o ^ nW^e) i * n l ^{£ m ) ^ n l ^{o mEB {mE B ) ®£)^o. 

This suggests that one can build up algebraic Kuranishi models 
of C, C + mE by $ V w : V — >W, $yw = V — > W, V = V, with 
an short exact sequence relating the obstruction sheaves, 
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h-». W ^ W i-> n^iOmE^mEB) ®£)^0. 

To achieve this, we choose a large n and take TZ° irKO^nD) 
£m) = V and lZ 7il(O n D(nD) ® £ m ) = W', similar to subsection 

Let n°^{O nD {nD) <g> £ m ) i-> ^ttKO^^b) <g> £) be the 
composition of two surjective maps 

and 

^X^m) ^ V}^{O mEB {mE B ) <g> £). 
Proposition 5.3 Define W to 6e i/ie kernel of 



U\i(O nD (nD) ® Sjxi) n l ^{O mEB {mE B ) ® £) i-> 0. 

T/ien W locally free and there is a four term exact sheaf se- 
quence 



i — ► i — ► H 7rl(O(nD) ® £ TO ) ^ W ^ TlV^f) ^ 0. 

Because of this exact sequence, one may take V = V', W to define 
a Kuranishi model of C. 

Proof: 

The sheaf W is locally free if and only if 0(a;) = dim^^Wx <S> 
is a constant, which follows from the locally freeness of both 
ftM(°n£>(^)®£m) and^^O^^m^)®^ (see lemma EU). 

Because ft <(£) S ft°<(£ m ), the injectivity of 7e°<(£) i-> 
7l <(O(nD) ®£ m ) follows. 

On the other hand, the exactness of 

i-> ft°<(£ m ) i-> V' i-> W ^M(£ m ) 

implies the composition V' i— > 7£ 7r*(£ TO ) is trivial. Thus V' i— »■ 
7?. 1 7r!j t ((9 m ^ s (m£'B)(8)£) is also trivial and then V' i— > W' must factor 
through W ^ W', the kernel of W h+ K 1 Tt'*{O mEB {mE B ) ® £). 

This implies that there is a four term exact sequence 



^ ft°<(£) i-> V' W i-> CoA;erneZ(<lv w ) i-> 0. 
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It suffices to show that Coker{^\ny^) = 1Z 1, k^{8) is a natural 
isomorphism. This follows from the following commutative diagram, 

Coker($ v < w ) ^ $ V 'W ^ K l K{OmE B {mE B ) ® £) 

I 1 

ftV^f) i-> ftV,(£ ro ) ^ lZ lr K^(O m E B {mE B ) ® £) 

Both rows are short exact sequences and the vertical arrows are 
natural isomorphisms. Then $y'W' = 7?. 1 7r^(£ m ) induces the iso- 
morphism $ V / W S ft 1 ^^) □ 

When one pulls back W', W to Pq- B ^)(V), one has the following 
identity on the top Chern class 

c top {H®W) =ctop{H®W)-c top {H®{K l ^{O m E B {™E B )®£)) = 



Ctop(H g> W) ■ C top (H ® (©0<j<m-2S j (AT s(i3) A')) <8> £). 

We have inductively used the Chern class identity at the end of 
the proof of lemma 15.11 

After finishing the vanishing 7£ 2 7r£(£) case, we have to deal with 
TZ 2 n'^{£) non- vanishing case. 

Because of the relative Serre duality 

£,£ m = £®0{mE B ) K x , /B ®£* \K X , / B ®{£ m )* = K, x , /B ®£*®G{-mE B ), 

the case can be reduced to a parallel discussion with m < 0. We 
will address it at the end of the subsection on page [721 

Case Two: We assume that m < 0. The m = case is trivial and 
we consider negative m = —k,k e N. We consider the following 
short exact sheaf sequence, 

i — ► £ m i— > £ i— > Ofc£ s ® £ i— > 0. 

Its derived long exact sequence relates the derived images of £ m 
and £ , 
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Similar to lemma 15. 1[ we have the following lemma regarding 
n%(O kEB ®£)=1l%(O kEB )®£,i = 0,l. 

Lemma 5.2 For k E N ; the first derived image sheaf TZ lr K'^{OkE B ) 

is the zero sheaf and 71° n'^OkEs) ^ s locally free. Moreover, c to tai{T^^{O k E B )) 

is equal to c to t ei i(S k ~ 1 \0 B ® K{B) X )) ■ 

Proof: The argument of this lemma is very similar to lemma 15.11 
We consider the following short exact sequence 

- EB (-(k - l)E B ) i > O kEB ^ {k _ 1)Eg » 0, 

for two divisors A = (k — 1)E B and B = E B and their sum A + B = 
kE B . Then we have to take the derived sequence and make an 
induction on k. 

The key to identify the total Chern classes is to show that for 
E B = P B (N siB) X), TZ\UO EB (-(r - l)E B )) = S^iM^X), 

r e N, which follows from the projection formula (see [Ha] page 253 
exercise 8.4.) of the P 1 bundle. We leave the remaining detail as 
an exercise to the reader, based on the argument of lemma 15.11 □ 

If one works in the C°° category, the derived long exact sequence 
of S m , £ and lemma IB~2l is enough for us to derive the desired family 
blowup formula stated in the theorem 15.11 To give an algebraic 
proof, we have to go through a detour. 

To simplify the discussion, firstly we assume (i). p g of the fiber 
surface to be or (ii). c\{Kx/ B ) — C to be of non-positive degree 
with respect to an ample relative polarization. Under these assump- 
tions, the second derived sheave TZ 2 7r^(£) vanishes. 

By assumption, the fibration X' \— > B is relatively good. Con- 
sider an effective ample divisor D on the total space X', relative 
dimension one over B, and a large multiple nD for n ^> 0. The 
same argument as in subsection 14.21 allows us to construct explicit 
algebraic Kuranishi models for C — kE and C over T B (X). The key 
idea is to relate the algebraic Kuranishi models of C — kE and C. 

Consider the short exact sequence 

h+ E m ® C{nD) ^ £ <g> 0{nD) h+ O kEB {nD) ® £ h+ 0. 

By choosing n large enough one can make the first derived image 
sheaves TV-k'^O^D) ® £ m ), TZ 1 ^ (0(nD) <g> £) vanish. 

Thus, by lemma 15.21 one gets a short exact sequence of locally 
free sheaves, 
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i-> 1l Trl(£ m ®O(nD)) i-> ^°<(^®C(n J D)) i-> Tl Q ^{O kEB (nD))®£ i-> 0. 

On the other hand, one may get a short exact sequence on the 
obstruction sheaves of the algebraic Kuranishi models, 

^ ^^(^^(ni))^) ^ 7e 7r:(C> njD (n J D)«)f) h-> K\'*{i kEB c\nD{nD))®S >-> 0, 

due to the vanishing of higher derived image sheaves TZ l ^{O n D{nD)® 
),K i iri(O nD (nD)®£),i> 1. 

The following short exact sequence on the locally free sheaves is 
vital to the remaining discussion. 

h- 1l rt(O kEB )®£ h-> ftV;(0fci5 fl (nD))<g>£ h-> ^V(/ fcSfl n„D(n£)))(8)f ^ 0. 
Consider the following lemma, 

Lemma 5.3 Lei V be an algebraic vector bundle over Tq(X) and 
0i— >Vi— >V'i— >Ui— > be a bundle extension o/V by U. Denote 
H* to be £/ie tautological line bundle over P-j^^^V'). T/ien i/ie 
projective space bundle Pt b (X)(V) can be identified with the subspace 
of Pq- B (x}(V') defined by the zero locus of a canonical section of 
H®U. 

Proof: Consider the bundle surjection V' i— > U, it induces a map 
from the tautological line bundle H* to U and therefore a canonical 
section of H <g> U over P-j^^(V'). On the other hand, the fibers 
of H* can be identified with the rays of V, which map trivially 
to U if and only if the rays are from the sub-bundle V. A direct 
investigation shows that the Pt b (x){V) is the transversal zero locus 
of the canonical section of H <g> U. □ 

This lemma implies that one may thicken the projective space 
bundle by adding H (g) U to the obstruction bundle. 

Now one compares the algebraic Kuranishi models of C — kE and 
C. Let V, V' and U be the algebraic vector bundles associated with 
the locally free sheaves Tl Q ^{£ m <g> 0(nD)), <8> 0(nD)) and 

TZ Q ^(OkE B {nD)) (g) S, respectively. 

Then there is a bundle short exact sequence h V h V' h 
XJy !— > 0. The original algebraic Kuranishi model of C — kE and 
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C are realized as intersection numbers in (open sets of) Pt b (x)(V) 
and Vq- B ^{y'). By lemma 1531 One may embed Pj b (a , )C^) hi 
Pt b (X)(V) as the transversal zero locus of H © U. 

Thus, to compare the algebraic family invariants of C — kE 
and C, it suffices to compare the obstruction bundles W' and W 
and their canonical sections. Let W, W' and U be the algebraic 
vector bundle over Tb(X) associated with lZ ir't.(O n £)(nD) © 8 m ), 
n°7T^{O nD {nD) © 8) and H Q ^Ji kEB nnD{nD)) © 8. Then there is 
also a bundle short exact sequence 

and the following diagram is commutative 

$VW : V — ► W 

$ V 'W : V ► W 

While the family moduli space of curves in C — kE and in C are 
both viewed as subspaces in P^rWV'), the obstruction bundles of 
the class C - kE and C are H © (W © Uy), H © W, respectively. 

One see easily that 

[W] + [U] = [W] + [U v ] - [Uw] 
in the K group of Tg(Af). By using 

Oh>E® (S* _1 (C b © N* (B) #)) ^ U i-> U h-y 0, 
one may conclude 

[W] + [U y ] = [W] + [E © (S*- 1 ^ © N* a{B) X)))], 

rank c W + rank c V = rank c W + rankcS^iCs © N* S ^X). 
and the following identity on top Chern classes 

c top (H®(W©U v )) = c top (H©W / )-c top (H©E©(S fc - 1 (CB©N: (B) A'))). 

The identity on ATSW of C and C—kE follows from the equality 
of top Chern classes. 
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Finally let us derive the family blowup formula for p g > fiber 
surfaces with a fiberwise invariant class C with positive relative 
degree on c\{Kx/b) —C. The derivation is much more evolved than 
the previous case as several derived image sheaves fail to be locally 
free in this case. 

By the assumption of the theorem, the fibration X' \— > B is as- 
sumed to be two-relatively good. Namely, there are two ample di- 
visors D\,D2 which are (1). of relative dimension one over B. (2). 
The intersection D\ n D% is of relative dimension zero over B. 

Following subsection 14. H| we adopt the asymmetric notation D = 
Di and A = ID 2 . 



Remark 5.2 Basically we have to extend the construction in sub- 
section \J~S\ to a relative version. The essential difference is that in 
the B = pt case, we may choose a single E G \nD\ to be smooth. 
Then the vanishing of certain derived image sheaves on ExT(M) i— > 
T(M) follows from Kodaira vanishing theorem on E. When X' \— > B 
is a non-trivial fiber bundle, it may be hard to find an effective di- 
visor in \nD\ which is relatively smooth of dimension one over B 
unless one makes some additional assumption on X' i— > B. But 
the vanishing result on the first derived image sheaves of sufficiently 
very ample invertible sheaves on a non-smooth (or even non-reduced) 
relative dimension one divisor nD can still be derived by using the 
exact sequence i — > C i — > 0{nD) \— > O n D{nD) \— > suitably. 

We have the following commutative diagram of coherent sheaves 
for a sufficiently large n, and I. 

n°ni(O nD (nD) ® E m ) h-> n°ni(O nD (nD) ® £) h-> n Q ^{O kEM {nD) ® S) 
n°7ii(O nD {nD + A) ® S m ) >-> n°7ci(O nD {nD + A) ® £) i-> n°7iUO kEBnnD (nD + A) ® £) 
K°7ri(O nDnA (nD + A) ® S m ) ^ n Q ^{O nD ^{nD + A) ® S) i-> ^Tr^^nfe^nA^ + A) ® f ) 

TZ^ir'^OnDinD) ® £ m ) h-> ^V^^tnD) ® 5) i-> TZ^HOkE^nDinD) ® £ ) 

In the commutative diagram there are twelve derived image sheaves 
and form four rows and three columns. The first row and the fourth 
row are connected by the connecting homomorphism, which is not 
included in the diagram. Thus, the first row is left exact but gener- 
ally not right exact. Because D i— > B is of relative dimension one, 
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by base change one sees that the the fourth row is right exact. On 
the other hand, the three columns are parts of derived long exact se- 
quences from sheaves short exact sequences. If we choose I and n to 
be large enough, the three columns are four terms exact sequences. 
This also implies that the second row is a short exact sequence. Be- 
cause nD fl A is relative dimension one (non-reduced) over the base, 
the third row is also short exact. 

Similar to the arguments of lemma 15.11 and lemma I5.2[ the de- 
rived image sheaves in the second and the third rows of the diagram 
are locally free sheaves. The (2, l)th, (3, l)th, (2, 2)th, and (3, 2)th 
entries are used in constructing the algebraic Kuranishi models of 
C — kE and C. 

Proof of the Case with non-zero T&ti'^E): 

Denote the vector bundle associated with the (2, l)th, (2, 2)th, 
(3, 1), (3, 2)th and (2, 3)th entries of the sheaves commutative dia- 
gram on page El by W, W', V, V' and R, respectively. Then one 
may construct W and W' by using the recipe of proposition 14.51 
Denote the algebraic vector bundles associated with the locally free 
1l ^(O(nD) ® £ m ), n°irl{0{nD) <g> 8) by V, V. Then a paral- 
lel discussion similar to proposition 14.51 implies that the algebraic 
family Kuranishi models of C — kE and C can be built from the 
algebraic bundle maps 

$VW : V — > W, 

and 

$ V 'W : V > W. 

We concentrate on how does the relative obstruction bundle of 
the family blowup formula appear in the current picture. 
Firstly, notice that there are short exact sequences 

,_, V i-> V' ^ U v i-> 0, 
,_, v i-> V' i-> Uv i-> 0, 

o W i-> W' i-> \J W ^ 0, 

with Uy, Uy being the algebraic vector bundle associated with 
the locally free sheaves 7?. 7r^(Ojt^ B (nD)(g)£) and / R^^{O n Br\kE B r\^{ n D+ 
A) <g> £). 
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Recall that [W] = [W] - [V] + [F] and [W] = [W'] - [V'] + [¥'} 
in the i(T group of algebraic vector bundles on Tb(X'), by remark 

o 

It is easy to see that for the formal excess base dimensions, we 
have febd(C,X' /B) = febd(C — mE, X' / B) by using the isomor- 
phism K 2 ir'*{£ m ) = n 2 n^(£) and then F = F'. (read the paragraph 
before prop. 15.21 for the definition of the corresponding locally free 
sheaf J 7 ) 

Again by lemma IS~31 and the same argument in the previous case, 
it suffices to show the following identity on the virtual bundles 

[U v © ij v - V w ] = [E © c (S k -\C B © N* (B) Af))] 

in the K group of algebraic vector bundles on Tg(X) and the cor- 
responding equality on their virtual ranks. 

The follows from the following calculation in the K group of 
coherent sheaves Kq(Tb(X)) and the short exact sequences, 

-n\UO nDnkEB (nD+A)®£)+n\l(O kEB (nD)®£)^ 

= -K irl(O nDnkEB (nD) © £) + TZ°^(O kEB (nD) © £) 

= n\i(o kEB ®£)- n l ^{o kEB © £) 
= n\Uo kEB © £) = n\Uo kEB ) © s. 

On page IHZl lemma 15.21 we have already identified the the to- 
tal Chern classes of the two coherent sheaves TZ°^i(O kEB ) and the 
symmetric power S k ~ 1 (0 E © -AQmAf), so the proof of m < 0, 
1Z 2 tx'^{£) 7^ case is done. 

At the end of the proof, let us address the m > 0, 7£ 2 7r*(£) ^ 
case leftover on page EE1 As in the above discussion, X' \— > B 
is assumed to be two relatively good. We have chosen nD and 
A = lDo\ n D to construct the algebraic family Kuranishi models. 

By interchanging the roles of £ and £ m symbolically and by re- 
placing k by m, there is a corresponding twelve-term commutative 
exact diagram similar to the one on page [7UJ Following the con- 
vention on page EH we take V, W, V and V', W, V' to be the 
algebraic bundles associated to the algebraic family Kuranishi mod- 
els of C and C + mE, respectively. 

Then as before there are exact sequences 
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o ,_, V ^ V' ^ U v ^ 0, 



o ,_, v i-> V' ^ \J V ^ 0, 

and 

h+ W h-> W' ^ U w h-). o. 

In this case, F = F' may not hold, but we still have [F] = [F ; ] in 
the reduced K group as both of their associated locally free sheaves 
T and T 1 are constructed from T^n'^Ox 1 ) by quotienting out some 
trivial sub-factors 0^f^ X ^ and b ^ + mE,X /B) ^ reS p ec ^j ve [y 

Our goal is to prove that, 

(i) . -\y w -ti v -U v ] = -[E®S m - 2 (C B eN a(B) Ar)] in the K 
group. 

(ii) . The virtual ranks of the virtual vector bundles in (i). match. 

We can go through the same calculation above on page[?21 except 
that the invertible sheaf £ m which replaces £ cannot be pulled out 
of the derived images of tt'. 

The final answer is 

n\'^O mEB {mE B ) ® £ ) - IZ 1 !?^ (O m E B (mEg) ® £) 
by lemma loTl 

= -n l ^{O mEB {mE B ) ®£) = -Tl^iPnE^mEB)) ® £. 

this ends the proof of the theorem in the 7?. 2 7r*(£) 7^ 0, m < 
case and therefore the proof of the whole theorem. □ 

5.1 The Family Blowup Formula of the Universal Family 

In the previous section, section^ we have derived the family blowup 
formula of the algebraic family invariant. When we prove the for- 
mula, we have to construct algebraic family Kuranishi models based 
on relatively very ample divisors on these families. The readers 
should be aware that the non-uniqueness of the choices of the very 
ample divisors and therefore the choices of algebraic family Kuran- 
ishi models. In this sub-section, we focus on the universal family 
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M n +i t— > M n and make a brief remark regarding the 'canonical ob- 
struction bundles' for these special families. Following the notation 
in [Liul], we would like to explain how does the blowup formula 
relate to the canonical obstruction bundles of these families. 

Let £ be the invertible sheaf over M x T(M) whose first Chern 
class over M x {t}, t G T(M) is C G H l > l (M, Z). One may apply the 
blowing down map T(M) x M n+1 i-> T(M) xMxM n = T Mn (M n+1 ) 
to pull £ back, which defines an invertible sheaf over T(M) x M n +i. 
We abuse the notation and denoting them by the same symbol. Let 
E\, E2, ■ ■ ■ , E n denote the exceptional divisors of the blowing down 
map M n+ i h— > M x M n . Then we have the following short exact 
sequence 

^ (- E ^ £ ^ °E m*^ ® f ^ 0. 

Taking the right derived images of this sequence along T(M) x 
M n+ \ 1 — ► T(M) x M n , then we get a long exact sequence of coherent 
sheaves on T(M) x M n . In the long paper [Liul], our main concern 
is study the case when 8 is sufficiently very ample. So let us make 
a simplifying assumption on S , 

Assumption 1 The invertible sheaf S <S> K,~^ is ample. 

By Nakai criterion, this assumption is reduced to an assumption 
of the positivity of C — c\(Km) on the curve cone of M. If £ is 
a high power of an ample invertible sheaf, the assumption always 
holds. Under this assumption, the higher sheaf cohomologies of £ 
vanish. Then the sheaf short exact sequence induces a derived long 
exact sequence 

~ K {f n U£(-Y,mEi)) 1 * K°(f n )4£) 1 ► ^(/^(O^^^) 

i<n 

Because £ is pulled back from M x T(M) to the universal family, 
T^°(fn)*(£) is pulled back from T(M) and is constant along the M n 
factor. 

By the similar argument as in lemma 15 .'2\ we can prove the fol- 
lowing, 
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Proposition 5.4 The coherent sheaf 7^°(/ n )*(C^ m . E . ® £) is 
locally free of rank J2i< n < " m ' + ^' m " . 

Proof: Because the sheaf is the zero-th derived image of a relatively 
one dimensional fibration, it suffices to prove inductively that the 
first derive image sheaf vanishes. 

This follows from the following short exact sequence 

i<n—l 

The remaining of the proof is very similar to the lemmas 15.11 and 
15.21 we omit the details. □ 

As in [Liul], the n+ 1th universal space M n +i can be constructed 
by blowing up the relative diagonal M n \— > M n M n from the 

fiber product 

M n X Mri _ x M n > M n 

M n M n _! 

The space M n x m„_i M n fibers over M n and the map M n x ^ 
M n i— > M n is smooth of relative dimension two. One may view the 
relative diagonal as a cross section from the base M n to M n x M n -i M n 
and the normal bundle of the cross section is isomorphic to the rela- 
tive tangent bundle of M n i-> M„_i, T^/^ = TM n //*TM n _i. 

Knowing that 1Z°(f n )*(Oy^ mE . £) is locally free, its asso- 

ciated vector bundle can be used to build the canonical obstruction 
bundle of the family Seiberg-Witten invariant (under the additional 
assumption HJ). 

Definition 5.3 Under the assumption^ on £ , letV can0 n a,ndW can0 n 
denote the algebraic vector bundles associated to the locally free 
K (f n U£) andn (fn)*(O Et<nm%Ei ®£). 

Then for a given tuple (mi, rri2, 777,3, • • • , m n ) of singular multi- 
plicities, the tuple 

(V canon, W canon, ^V m W m „ J 

with the bundle map 
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^VcanonW canon [ ^ CaUOU |— > W canon 

induced from 

n°UnUS) ~ n\f n )*{o^ n7niEi ®E) 

is called the canonical algebraic family Kuranishi model of C — 

J2i<n m iEi- 

The vector bundle Oba canonical ;C- 1 £ i < n miE i = U ® n P(V canon )™ 'canon 
over the projective space bundle P(V canon ) is defined to be the canon- 
ical obstruction bundle of the class C — J2i m iE{. 

Moreover, one see explicitly that the first term of the following 
short exact sequence relating the canonical obstruction bundles of 
C - Ei<n mEi and C - £»<n-i mEi, 

o » Hm* P(Vcano JE®s m "-\o B ®Ti 4n/Mn _ i )) » ob Scanonical . c _ Ei ^ miEi » ob Scanonical . c _ Ei ^_ iTniEi » 0. 

This gives a transparent explanation why the mixed invariants 
AFSW M n+1 ^Mn( c i C ~ J2i<n m iEi) is equal to the combination of 
mixed invariants E p< "Mm n +i) AF5Wm„ +iM m„(cU c p (S m " _1 (CB © 

T M„/M„_i))' C ~ T,i<n-1 m iEi). 
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